
Math F412: Homework 10 Solutions(TheTheorema Egregium Edition) April 11, 2013

1. From the equation ⟨(xuu)v − (xuv)u , xv⟩ = 0, show

ln −m2 = ∂v [⟨Γuuuxu + Γvuuxv , xv⟩] − ∂u [⟨Γuuvxu + Γvuvxv , xv⟩]
− ⟨Γuuuxu + Γvuuxv , Γuvvxu + Γvvvxv⟩ + ⟨Γuuvxu + Γvuvxv , Γuuvxu + Γvuvxv⟩ .

(1)

Since all quantities on the right-hand side of (1) can be computed from knowledge of E, F, and
G alone, we concluded that one can compute Gauss curvature from the �rst fundamental form.

Solution:
Observe that

⟨(xuu)v , xv⟩ = ∂v ⟨xuu , xv⟩ − ⟨xuu , xvv⟩ .

Since ⟨U , xv⟩ = 0,
⟨xuu , xv⟩ = ⟨Γuuuxu + Γvuuxv , xv⟩ .

Moreover, since ⟨U , xu⟩ = 0, ⟨U , xv⟩ = 0, and ⟨U ,U⟩ = 1 we have

⟨xuu , xvv⟩ = ⟨Γuuuxu + Γvuuxv , Γuvvxu + Γvvvxv⟩ + AuuAvv .

Since Auu = l and Avv = n we conclude

⟨(xuu)v , xv⟩ = ∂v ⟨Γuuuxu + Γvuuxv , xv⟩ − ⟨Γuuuxu + Γvuuxv , Γuvvxu + Γvvvxv⟩ − ln.

A similar computation shows

⟨(xuv)u , xv⟩ = ∂u [⟨Γuuvxu + Γvuvxv , xv⟩] − ⟨Γuuvxu + Γvuvxv , Γuuvxu + Γvuvxv⟩ −m2.

Subtracting these equations and using the fact that ⟨(xuu)v − (xuv)u , xv⟩ = 0 we arrive at the
desired equation.

2. Without computing anything new, write down an analogous formula to (1) that would be ob-
tained from the equation ⟨(xvv)u − (xvu)v , xu⟩ = 0.

Solution:
Weobtain this equation by swapping the roles of u and v.This has the e�ect of also interchanging
E and G as well as l and n. We obtain

nl −m2 = ∂u [⟨Γuuuxu + Γuvvxu , xu⟩] − ∂v [⟨Γvvuxv + Γuvuxu , xu⟩]
− ⟨Γvvvxv + Γuvvxu , Γvuuxv + Γuuuxu⟩ + ⟨Γvvuxv + Γuvuxu , Γvvuxv + Γuvuxu⟩ .

(2)

3. Compute a formula analogous to (1) that would be obtained from

⟨(xuu)v − (xuv)u , xu⟩ = 0.

This one requires actual computation.

Solution:
We have

⟨(xuu)v , xu⟩ = ∂v ⟨xuu , xu⟩ − ⟨xuu , xuv⟩ =
1
2
∂v∂u ⟨xu , xu⟩ − ⟨xuu , xuv⟩ .
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We also have

⟨(xuv)u , xu⟩ = ∂u ⟨xuv , xu⟩ − ⟨xuv , xuv⟩ =
1
2
∂u∂v ⟨xu , xu⟩ − ⟨xuv , xuv⟩ .

Hence

⟨xuu)v − xuv)u , xu⟩ =
1
2
∂v∂u ⟨xu , xu⟩ −

1
2
∂u∂v ⟨xu , xu⟩ =

1
2
(Evu − Euv) = 0.

4. Show that ⟨(xuu)v − (xuv)u ,U⟩ = 0 implies the equation

lv −mu = Γuuv l + (Γuuv − Γuuu)m − Γvuun

This is one of the twoCodazzi-Mainardi equations.The other Codazzi-Mainardi equation comes
from ⟨(xvv)u − (xvu)v ,U⟩ = 0. For extra credit, write down what this other equation is. (Do no
hard work).

Solution:
We have

⟨(xuu)v ,U⟩ = ∂v ⟨xuu ,U⟩ − ⟨xuu ,Uv⟩
= ∂v l − ⟨xuu ,Uv⟩
= lv − ⟨Γuuuxu + Γvuuxv ,Uv⟩
= lv − Γuuu ⟨xu ,−Sxv⟩ − Γvuu ⟨xv ,−Sxv⟩
= lv + Γuuum − Γvuun.

Similarly,

⟨(xuv)u ,U⟩ = ∂u ⟨xuv ,U⟩ − ⟨xuv ,Uu⟩
= mu + Γuuv l + Γvuvn.

Hence
lv −mu = Γuuv l + (Γvuv − Γvuu)m − Γvuun.

The other equation comes from swapping the roles of u and v to obtain

nu −mv = Γvvun + (Γuuv − Γuvv)m − Γuvv l .

5. Let f , g, and h be functions of u and v. Show that

1√
gh

∂
∂v
⎛
⎝

fv√
gh
⎞
⎠
= fvv
gh
− 1
2
fv gv
g2h
− 1
2
fvhv
gh2

.

Solution:
We have

1√
gh

∂
∂v
⎛
⎝

fv√
gh
⎞
⎠
= 1√

gh

⎡⎢⎢⎢⎢⎣

fvv√
gh
− 1
2
fv
gvh + ghv
(gh)3/2

⎤⎥⎥⎥⎥⎦

= fvv
gh
− 1
2
fv gv
g2h
− 1
2
fvhv
gh2 .
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6. Suppose for some chart x that F = 0 everywhere. Compute all the Christo�el symbols for this
chart in terms of E and G and their derivatives.

Solution:
The equations for the Chrysto�el symbols become trivial to solve if F = 0 and we have

Γuuu =
1
2
(Eu

E
) Γuuv =

1
2
(Ev

E
) Γuvv = −

1
2
(Gu

E
)

Γvuu = −
1
2
(Ev

G
) Γvuv =

1
2
(Gu

G
) Γvvv =

1
2
(Gv

G
)

7. Suppose for some chart x that F = 0 everywhere. Use (1) and the previous two problems to show
that

K = − 1
2

1√
EG
[∂v (

Ev√
EG
) + ∂u (

Gu√
EG
)] .

Solution:
Note that if F = 0, then K = (ln − m2)/(EG). Hence (1) can be written (using the fact that
⟨xv , xu⟩ = F = 0,

K ⋅ EG = ∂v [ΓvuuG] − ∂u [ΓvuvG] − ΓuuuΓuvvE − ΓvuuΓuvvG + ΓuuvΓuuvE + ΓvuvΓvuvG .

Using our computations of the Chyrsto�el symbols in the previous problem we have

K ⋅ EG = − 1
2
∂vEv −

1
2
∂uGu +

1
4
EuGu

E
+ 1
4
EvGv

G
+ 1
4
EvEv

E
+ GuGu

G
.

Hence
K = − 1

2
[Evv

EG
− 1
2
EvGv

EG2 −
1
2
EvEv

E2G
] − 1

2
[Guu

EG
− 1
2
GuGu

EG2 −
1
2
GuEu

E2G
] .

By Problem 4 applied twice we conclude that

K = − 1
2

1√
EG
[∂v (

Ev√
EG
) + ∂u (

Gu√
EG
)] .

8. Suppose for some chart x that E = 1 and F = 0 everywhere. Show that

K = − 1√
G

∂
∂u2

√
G .

Solution:
We note that

∂u
√
G = 1

2
1√
G
Gu =

1
2
Gu√
G
.

Now if E = 1 and F = 0 everywhere, then our computation from problem 6 reads

K = − 1
2

1√
G
∂u [

Gu√
G
] = − 1

G
∂u [

1
2
Gu√
G
] = − 1√

G
∂2u
√
G .
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9. Consider the surface of revolution x(u, v) = ( f (u) cos(v), g(u), f (u) sin(v)) where ( f ′)2 +
(g′)2 = 1. Write down what E, F, and G are for this chart and compute K from E, F, and G.

Solution:
We have already computed for such a chart that E = 1, F = 0, and G = ( f (u))2. By the previous
problem then,

K = − 1
f (u)

∂2u f (u) = −
f ′′(u)
f (u)

.
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