Math 215: Homework 9 March 30, 2012

Your name here

Proposition 4.30: For all k,m € N, where m > 2,

Jnsk = Jnr e + SnSrsr-

Proposition 4.30: For all k, m € N, where m > 2,

Sk = fn-1Ji + JnSir1-
Proof. Let m € Z,. We will show that

fm+k = fmflfk + fmfk+l

for all £ € N by strong induction.

Suppose for some n € N that

fm+k = fm—lﬁc + fmfk+1

for all £ € N such that k£ < n. We wish to show that

fm+n = fm—lfn + fmf;1+l

as well.
Now eithern =1,n =2, 0orn > 3.

Ifn=1,
fm+n = fm+1 = fm—l + fm

sincem+1>2+1=3.But

fm—l"i'fm:fm—l'l‘i'fm'1
= ot S S o
:fm—l 'fn+fm'f;1+l-

Hence

Join = Jnt = o+ Jon* fasr-
Ifn=2,sincem+2>3andm+1 >3,
Jsn = Jmr2 = Joo + Jne1 = Joo F St + Jin = fn
But

fm—l '1+fm'2:fm—1'f2+fm’f3

= Jot  Jo s Josr

So
Jon = St - Jo + fon* Janr-
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Suppose n > 3. Since m + n > 3,

Jmin = Jfnin-2 + fiin-1-
Sincen >3,1 <n-1<nand 1 <n-2 < n, and hence, by the inductive hypothesis,
Jmin-2 = fu-1Ja-2 + fufu-1  and
Jmin-1 = fn-1Sa-1 + Jinfn-
So
Jmen = (Fn-tSa—2 + fndn1) + (Fn-1Sam1 + fin)
= foot [fo2 + fuca ]+ Jon [ foor + £l
Sincen >3, f, = fu2 + fu-1 and fro1 = fuo1 + fu. So
Jinen = Jon-tSfu + FnSusr-

An integer n is odd if there exists an integer j such thatn = 2j + 1.

Proposition 9.A: Every integer is either even or odd, and no integer is both.

Proof. We first show that if n € Z that n is either even or odd by induction on n. The
base case is clear because 0 = 2 - 0 is even. Suppose for some n € Z that n is either
even or odd. Suppose n is even, son = 2j forsome j € Z. Thenn+1 =2j+1andn+1
is odd. Suppose nis odd. Thenn = 2k+1 forsome k € Z. Son+1 = 2k+2 = 2(k+1).
So n + 1 1s even. Thus, regardless of whether n is even or odd, n + 1 is either even or
odd.

We have shown that non-negative integers are either even or odd. We now show
the same holds for negative integers as well. Suppose x € Z and x < 0. Let y = —x, so
y > 0 and y is either even or odd. Suppose y is even, so y = 2j for some j € Z. Then
x = —y = 2(—j), so x is even. Suppose y is odd, so y = 2k for some k € Z. Then

x=—-y=2(-k)-1=2(-k)-2+1=2(-k—-1)+ 1.
So x is odd. Thus x is either even or odd.

Since every integer is either non-negative or negative, we have shown that all inte-
gers are either even or odd.

Now suppose to produce a contradiction that x € Z and x is both even and odd. So
x =2k + 1 and x = 2j for certain integers j and k. Hence

2k+1=2j
and
2(j—k)=1.
Hence 2 | 1. Since 2 > 1, this contradicts Proposition 2.23. O
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Proposition 6.5: Assume we are given an equivalence relation on a set A. For all a;, a; €
A, either [a;] = [a>] or [a1] N [az] = 0.

Proof. Let a;,a, € A. It suffices to show that if [a;] N [a,] # O then [a,] = [a»]. Suppose
b € [a;] N [a;]. Then a; ~ b and a, ~ b by the definition of equivalence classes. By
transitivity, a; ~ a,. So by Propositoin 6.4(ii), [a;] = [a2]. O

Proposition 6.6 (Partial): Let A be a set and let Il be a partition of A. We define a ~ b if
there exists P € Il such that a € P and b € P. Then ~ is an equivalence relation.

Proof. We must show that ~ is reflexive, symmetric, and transitive.

bf Reflexive: Suppose a € A. Since Il is a partition, there exists P € II such that a € P.
Hencea e Panda € P,soa ~ a.

Symmetric: Suppose a,b € A and a ~ b. Then there exists P € II such that a,b € P.
Since b,a € P, b ~ a.

Transitive: Suppose a,b,c € A and a ~ b and b ~ c. Then there exists P € II such
that a, b € P and there exists Q € Il such that b,c € Q. Note that b € P and b € Q. Since
I1 is a partition, and since P N Q # 0, it follows that P = Q. Sincea € Pand c € Q = P,
a-~ c. O

Project 6.7: For each of the following relations defined on Z, determine whether it is an
equivalence relation. If it is, determine its equivalence classes.

I. x ~ yif x < y. This is not an equivalence relation. Note that 0 » 0, so ~ is not
reflexive.

2. x ~ yif x < y. This is not an equivalence relation. Note that 0 ~ 1 but 1 » 0, so ~ is
not symmetric.

3. x ~ yif |x| = [y|. This is an equivalence relation. If x € Z, clearly |x| = |x| and hence
x ~ x. Suppose x,y € Z and x ~ y. Then |x| = |y|. Since [y| = |x|, y ~ x. Suppose
x,v,2€7Z,x~y,and y ~ z. Then |x| = |y| and |y| = |z| so |x| = |z|. Hence x ~ z.

If xeZ, [x] = {x,—x}.
4. x ~ yif x # y. This is not an equivalence relation. Since 0 + 0, it is not reflexive.

5. x ~ yif xy > 0. This is not an equivalence relation. Note that 0 + 0 as 0 -0 = 0, so
0-0 # 0. Hence ~ is not reflexive.

6. x ~yif x| yory| x. This is not an equivalence relation. Note that 2 | 10 and 5 | 10,
so2~10and 10 ~5. But2 f 5and 5 1 2 so 2 + 5 and transitivity fails.

Proposition 6.17: Let m € Z. Then m is even if and only if m? is even.
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Proof. Suppose m is even. Then there exists j € Z such that m = 2j. Since m? = 2(2?),
m? is even.

We prove the converse using the contrapositive. Suppose m is not even. By Proposition
6.15, there exists j € Z such that m = 2j + 1. Hence
m* =2+ DQj+1)=2Q2j+ 1)+ j)+ 1.
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By Proposition 6.14, m? is odd, so m? is not even. O



