Math 215: Homework 8a March 19, 2012

Proposition 4.5: For all k € Z,, k! € N.

Proof . We proceed by induction on k > 0. When k = 0, k! = 0! = 1 € N. This
establishes the base case. Suppose for some k € Z, that k! € N. Since k > O,
k+1>1eN. Since k! € N as well,

(k+1)! =k!(k+1)€eN.

Proposition 4.7 (i): For all k € N, 5% — 1 is divisible by 24.

Proof. We proceed by induction on k € N. Observe that when k = 0, 5% — 1 =
59— 1 =0. Since 0] 0, the base case is established.
Suppose for some k € N that 24 | 5% — 1. Hence there exists an integer j such that
52 — 1 = 24;. Then
52(k+1) —1= 52k52 -1

=(5*-1D5*+5 -1

=24j-25+24

=24(25j+ 1).

Hence 24 | 52+ — 1. o

Proposition 4.6(iii): Let b € Z and m, k > 0. Then (b™)* = b™ .

Proof. Let m € Z. We will prove that (b™)* = b™* for all k € Z( by induction.

When k£ = 0,
(bm)k — (bm)() — 1 — bO — me — bmk.

Suppose for some k € Z that (b™)* = ™. Then

(bm)k+l — (bm)k(bm)

= b p" (by the induction hypothesis)
= pktm (by Proposition 4.6(ii))
— bm(k+l). O

Proposition 4.11: For all k € N,

k
2N = k(k+1).

=1
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Proof. We proceed by induction on k € N. When k = 1,

1

k
221 Z =2-1=1-(1+ 1) =k-(k+1).
j=1

j=1
Suppose for some k € N that

k
2Zj=k-(k+1).

=1
Then

=~

+1 k
2{ZJ+(1<+1)

k
ZZ]+2(k+1)
=1

1M

= k(k + 1) +2k+1) (by the induction hypothesis)
=k+1)(k+2)
=k+Dk+1D+1). |

Proposition 4.A: Suppose a and b are integers such that a # 0 and a | b. Then there
exists a unique integer j such that b = aj.

Proof . Suppose a and b are integers such that a | b. Then there exists j € Z such that
b = aj. Suppose for some k € Z that b = ak. Then

aj = ak

and, since a # 0, Axiom 2.1 implies that k = j. Thus there is a unique integer j such
that b = aj. |

Proposition 4.8: For all k € N, 4% > k.

Proof. We proceed by induction on k € N. When k = 1,
4f=4'=4>1=k

Suppose for some k € N that 4 > 1. Then

4k+1 — 4k4
>k-4 (by the induction hypothesis and Proposition 4.D)
=k+3k
>k+1
since 3k >3 -1 =3 > 1. Hence 4! > k + 1 as required. O

2
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k ) 1 - xk+1
Proposition 4.13: For x # 1 and k € Z,, Z x =

j=0

1-x

Hint: Show that (1 — x) Yo x/ = 1 — x**1,

Proof . Since x # 1, the statement

is equivalent to
k
(1 —x)ij =1 — ¥,
Jj=0

We will show that the latter statement holds for all k € Z, by induction.
When k£ = 0,

k 0
(1—x)ij:(l—x)ij:(l—x)xoz1—x:1—x1 =1 — X1,
J=0 j=0

Suppose for some k € Z5 that

k
(l—x)ij: 1 — X<+,
Jj=0

Then
k+1 k
(1 —x)ij = (1 —x)ij+(1 — x)xkt!
Jj=0 Jj=0
=1 X"+ (1= 0! (by the induction hypothesis)
— 1 _ xk+2
=1-= X(k+1)+1. O

Proposition 4.15(i): Letm € Z and (x.,-)j.';1 be a sequence in Z. If then for all k € N
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Suppose for some k € N that

k k
E mxj:mij.
J=1

j=1
Then
k+l k

mej = Z mx;j + mxpy1
J=1 J=1

k
=m Z Xj + MXgy (by the induction hypothesis)
j=1

J=1

Proposition 4.15(ii): Let (x j)j';l be a sequence in Z. If x; = n € Z for all j € N then for
all k e N

k+1 k
ZXJ = ij + Xp+1
=1 =1
k
= Z Xj+ Xt
=1
= kn + xp41 (by the induction hypothesis)
=kn+n
= (k+ Dn. O

Proposition 4.16(ii): Let (x,-);im and (y;)%,, be sequences in Z. For all a, b € Z such that

j=m
m<a<hb,
b

b b
Z()Cj +yj) = Z)Cj + Zyj
Jj=a Jj=a Jj=a
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Proof. Leta € Zs,,. We will show that

b b

b
2% = )5 )y,
Jj=a Jj=a Jj=a

for all b > a by induction. When b = a,

a
j:a T j:a

Jj=a

Suppose for some b > a that

b b b
Z(Xj +yj) = ij + Zyj
J=a Jj=a j=a
Then
b+1 b
Z(xj +y)) = Z(Xj +Yj) + Xpi1 + You1
Jj=a Jj=a

Jj=a Jj=a

Proposition 4.18:  Let (x;)32, and (y;)7, be sequences in Z such that x; <

Then for all k € N,

k k
ZX]' < Zyj.

J=1 J=1

Proof . We proceed by induction on k > 1. When k = 1,

1 k
xj:ij:)ClSyl:Zyj:Zyj.

1
J=1 j=1 j=1

.M»

Il
—_

J

Suppose for some k > 1 that

b a a b b
Z(xj +yj) = Z(xj +Yj) = Xg+Ya = ij + Zyj = ij + Zyj.
j=a Jj=a Jj=a

b
= Z X+ Z Vj+ Xpi1 + Ypei (by the induction hypothesis)

y,forall j € N.
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Then
k+1 k
ij = ij + Xp+1
J=1 J=1

k
< Z Vi + Xiet (by the induction hypothesis)

k
< Sumi_ 1y + Yiel

_ k+1
= Sum;_,y;. O



