Problem 1.21

Show that a number z € [0, 1] has more than one p-adic expansion if and only if z =
S n_, ax/p" for some n where a,, # 0. Show also that in this case = has exactly one other
expansion,
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Also, characterize the numbers in [0, 1] with repeating and eventually repeating p-adic ex-
pansions.

Solution
Suppose z has two different expansions,
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Let N be the index in which they first differ, and without loss of generality assume that
ay > by. We will show that ay = by +1,a, =0forn > N,and b, = p — 1forn > N.
This will prove that if x has two different expansions, then one must be a terminating
expansion, and that the only other expansion is the one of the form (1).

Lety =Y 0" Z—ﬁ. Then
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with strict inequality unless b,, = p — 1 for all n > N. Similarly,
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with strict inequality unless a,, = 0 for n > NN. These inequalities together imply
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and hence ay < by + 1 (with strict inequality unless b,, = p — 1 and a,, = 0 forn > N).
But ay > by + 1 since ay > by and since ay and by are integers. Hence ay = by + 1
andb, =p—1anda, =0forn > N.



If = has a terminating p-adic expansion, then z is of the form
a
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where N € Nand 0 < a < p".

If = has a repeating p-adic expansion, then z is of the form

pN =1
where N € N and where 0 < a < pV — 1.

If z has an eventually repeating p-adic expansion, then x can be decomposed into a termi-
nating and a repeating part. So z is of the form
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where N, M € N, 0 <a < p",and 0 < b < p™ — 1. This is easily seen to be the same as
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for some d with 0 < d < p™(pM — 1). It is perhaps surprising that every rational admits an
expression of this form.
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