Math F651: Homework 5 Due: February 21, 2007

1. L OOX Y beaquotient map. Show that if A isa saturated open set or a saturated
closed set, then OR A OBAg isaquotient map.

2. ( eCharacterigtic Property of the Quotient Topology is characteristic.) Suppose O O

X Y isasurjectivefunction. Supposethat for any topological space Z that afunction
f OY Ziscontinuousif and only if f XOis. Show that Y hasthe quotient topology

induced by 0. (Typeset thisone.)
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3. Let X bethelinewithtwozeros.  a is, X isthequotient spaceof 00; WWOR given by the
equivalencerdation &0; x¢ Oat; x¢if x x 0. Show that X islocally Euclidean and second
countable, but not Hausdor[d

4. Quppose X isasecond countable space. Let 0Ugug, beacollection of open setsin X such
that 8gUg  X. (Wecall oUpun, an open cover of X.) Provethat there exists acountable
sub-collection 60U u such that 8;Ug  X. (We say that every open cover of a second
countable space has a countable subcover).

5. Use Problem 1to show that the upper half sphere S
with antipodal pointson @"H identilled ishomeomor-
phicto RP".

6. Quppose Ois a quotient mgp from a second countable
space X to alocally Euclidean space Y. Provethat Y is o
second countable. Hint: Problem 4 might be handy. 9gmt

7. (Munkres 177) Let R™ bethe set of real sequencesthat
are eventually zero. What is the closure of R™ in the
product and box topologiesof R' ?

Gluing ahalf sphere.



