
Math F608: Homework 6 Due: October 16

1. Consider Cauchy problem for Laplace’s equation on the squareQ = [0, 1]× [0, 1],
∆ u = 0 in Q

u(x, y) = 0 for x = 0 or x = 1 andy ∈ [0, 1].

u(x, 0) = g(x)

uy(x, 0) = h(x).

For simplicity we will consider the caseh(x) ≡ 0.

a. Use a separation of variables technique to find a formal solution of this problem. You do
not need to be rigorous about convergence issues.

b. Find a sequence of functionsgn(x) that converge uniformly to0 but such that the corre-
sponding solutionun(x) to the Cauchy problem satisfiessupx |u(x, 1)| ≥ 1.

c. Comment on the well posedness of the Cauchy problem. (This example is due to Hadamard.)

2. Let U be a smooth bounded domain, and let{φm} be the Dirichlet eigenfunctions of the
Laplacian with eigenvalues{λn} (so−∆ φn = λnφn andφn = 0 on∂U ).

a. Prove thatλn ≥ 0 for everyn.

b. Prove that ifλn 6= λm, then
∫
U φnφm = 0.

3. Suppose a square plate with side length1 has a constant temperatureU0 > 0 and at timet = 0,
the temperature at the edge of the plate is dropped to0. Formally apply separation of variables to
this problem and describe the resulting diffusion.

4. Let U be a smooth bounded domain and supposef(x, t) =
∑∞

n=1 an(t)φn(x). Find a formal
solution by means of eigenfunction expansion to the problem

ut −∆ u = f in U

u = 0 at t = 0 and on∂U.

5. Let λ0 be the smallest eigenvalue of the laplacian on a bounded smooth domainU .

a. Using eigenfunction expansions, give a heuristic argument that

λ0 = min
u∈C2(U)∩C(U)

u 6≡0

∫
U |Du|2∫

U u2
.

The quotient appearing this this problem is called the Rayleigh quotient.

b. Supposeu(x, t) solves

ut −∆ u = 0 in U × (0,∞)

u = 0 on∂U × (0,∞).

Use the result from parta, and letting

e(t) =
∫
U

u(x, t)2 dx,

show that
e(t) ≤ e(0)e−λ0t.

You may not use informal eigenfunction expansions for this part of the problem.


