Math F608: Homework 4 Due: October 2
1.

a. LetU be an open subset @fand letf : C — C be analytic (i.e complex differentiable, or
holomorphic). Show that the real and imaginary partg tfought of as functions frof? to R
are both harmonic functions.

b. LetUy be the domair{(r cos(s),rsin(s)) € R?: 0 < r < 00,0 < s < #}. For example,
Ur is the upper half plane, arld, / is the first quadrant. Find functions (not identicalyu

that solve _
Aug=0 inUy

ug =0 onaU.
Hint: For the domairUU; ,, is there an analytic function that takés , to Ur?
c. Discuss the smoothness of the functions you found intpaat the point(0, 0).

2. Find a Greens function for the doméify ;. (Note that we are working in two dimensions, so
the fundamental solution is1/7 In(r).

3. LetU be a smooth domain, and Iébe a continuous function dii. Suppose: is a solution of

—Au=f InU
0 .
au_o inU.

Show thatu is a minimum of the functional
Iw] = / Dwl|? —
[w] . | Dw| fw

over the domaiB = {w € C?(U)}.
4. Evans 2.5.5

5. Evans 2.5.9

Howdy.



