
Math F608: Homework 11 Due: December 6, 2006

1. This problem gives a way of computing Fourier transforms of some functions that are distribu-
tions but do not live inL1 because they decay too slowly.

a. Supposef ∈ L1
loc

(R) and that there exist a constantN > 0 such that(1+ |x|)−Nf ∈ L1(R).
It is easy to see that such anf belongs toS ′. Let Ln be any sequence of positive real numbers
converging to infinity, and letχn be functions that are equal to1 on [−Ln, Ln], and are0

elsewhere. Letgn denote the Fourier transform ofχnf . Show thatgn → f̂ in S ′.

b. Let f ∈ L1(R). We proved in class that̂f is continuous, and we claimed thatf̂(ξ) tends to
0 asξ → ±∞. Prove this claim. You may freely use the fact thatS is dense inL1(R). Hint: If
u ∈ L1 andv ∈ S, and if ||u− v||L1 < ε, what can be said about||û− v̂||L∞? What space does
v̂ belong to?

c. Let Ln be a sequence of positive real numbers converging to∞. Prove that the distributions
e−2πiLnξ converge to0 in S ′ asn →∞.

d. Use these ideas to compute the Fourier transform ofsgn(x).

2.

a. Two norms|| · ||1 and|| · ||2 on a vector spaceX are called equivalent if there exist constants
m andM such that for everyx in X,

m||x||1 ≤ ||x||2 ≤ M ||x||1.

Show that onRn that the Euclidean norm defined by

||x|| =
(

n∑
i=1

x2
i

)1/2

and theL1 norm defined by

||x||1 =
n∑

i=1

|xi|

are equivalent.

b. Show that for anyk ∈ N, there exists constantsc1 andc2 such that

c1(1 + |x|k) ≤ (1 + |x|2)k/2 ≤ c2(1 + |x|k).

c. Conclude that ifu ∈ L2, thenu ∈ Hk if an only if ∂αu ∈ L2 for everyα with |α| = k.

3. Supposeu ∈ Hs. Show that if|α| = k, then∂αu ∈ Hs−k. Show also that∂α : Hs → Hs−k

is continuous.

4. Let u : R2 → R be the function that is equal to1 on the unit square and is equal to0 otherwise.
Which spacesHs doesu belong to?


