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Let G be a graph, and let k£ be a nonnegative
integer. A set T of vertices of (G is k-sparse if
the subgraph of G induced by T' has maximum

degree at most k.



Let G be a graph, and let &k be a nonnegative
integer. A set T of vertices of (G is k-sparse if
the subgraph of G induced by T' has maximum
degree at most k.

For nonnegative integers k, a, b, we define
Ri(a,b) to be the least n such that for each
graph GG of order n, either GG contains a k-sparse
set of a vertices, or G contains a k-sparse set
of b vertices.

R introduced by Ekim & Gimbel (not
published yet), generalizing Ry introduced by
Cockayne & Mynhardt (1999).



Example.

Ri1(4,4) =7



Rq: ordinary 2-color Ramsey numbers.
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Rq: values due to Cockayne & Mynhardt.

10

10

2

9 11 16 17

15

6

11

2

16
17

2
2

10| 2 10



R-> and higher: just one nontrivial value already
known. R»(5,5) =7 (Ekim & Gimbel).
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We have found various new values. Most of
these were found using a computer.

R>(5,6) = 8 (proven by hand)

R>(5,7) =10
R>(5,8) =12
R>(6,6) = 12
R3(6,7) =9
R3(6,8) =10
Ra(6,9) = 12
R3(7,7) =11
R3(7,8) =13
R4(7,8) =10
Ra(7,9) = 11
R4(7,10) = 13
R4(8,8) =12
Re(8.9) = 11
Rs(8,10) =12
Rs(9,9) = 13

Re(9,10) = 12

We have now determined all values of Ry(a,b)
for k, a, b for which this value is at most 12.
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are newly

values

(bold

Improved tables
established)
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Improved tables (cont'd):

Ry| 5 6 7 8 9 10 11 12
5] 5 5 5 5 5 5 5 5
6| 5 6 7 8 9 10 11 12
715 7 9 10 11 13

8| 5 8 10 12

9| 5 9 11

10| 5 10 13

11| 5 11

12| 5 12

Rs| 6 7 8 9 10 11 12 13
6] 6 6 6 6 6 6 6 6
716 7 8 9 10 11 12 13
S| 6 8 10 11 12

9| 6 9 11 13

10| 6 10 12

11| 6 11

12| 6 12

13| 6 13
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What about asymptotic behavior of R;.7
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We can generalize a 1947 result of Erdds on
ordinary Ramsey numbers.

Theorem. Let kK be a nonnegative integer.

(a) There exists a constant t = t(k) > 1 such
that, if a > 2, then Ri(a,a) > t%.

(b) Ifa > k42, then Ri(a,a) < 4% k=2(k + 4).

e Proof idea for (a). Use Erdds-Gimbel
result on subgraphs of a random graph.

e Proof idea for (b). Use Ekim-Gimbel
result: Rk(a,b) < Rk(a— 1,b) —I—Rk(a,b— 1).
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Corollary. For fixed k, the value of log Ry (a, a)
is ©(a).

13



Computing infinite families of values.

Theorem. Let k,a > 0. Then the following
hold.

(a) Ifk > a—3, then Ry(k+a,k+a) > k+3a—4.

(b) If a > 2 and k > 3a — 6, then
Rip(k+a,k+a) =k + 3a — 4.
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Corollary. For each pair of integers a, b, there
exist constants £, ;, and u, so that

Ea,b S Rk(k —I— CL,]{ —|— b) — k S uCL,b
for all k > O for which Ry (k+a,k—+b) is defined.

In other words, for fixed a, b, the value of
Rip(k+a,k+0b) is k+ O(1).
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What are the values of Ry (k+a,k+a) like, for
fixed a7

Ri(k+ 3,k + 3) | value
Ro(3,3) 6
R1(4,4) 6 | individual computations
R~(5,5) 4
R5(6,6) 8
Ra(7,7) 9 | infinite family
Rs(8,8) 10
Ri(k+4,k+ 4) | value
Ro(4,4) 13
R1(5,5) 15
R>(6,6) 12 | individual computations
R3(7,7) 11
R4(8,8) 12
Rs(9,9) 13
Rg(10,10) 14
R7(11,11) 15
Rg(12,12) 16 | infinite family
Ro(13,13) 17
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Proposition. For all £k > 0, we have the
following.

(a) Rp.(k+ 3,k + 3) = max{6,5 + k}.

(b) Ri(k+ 4,k + 4) = max{18 — 3k, 8 + k}.

Does this behavior continue, for larger values
of k7

And just what is “this behavior’” anyway?
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Paper, slides, and—coming soon—source code
(Python):

http://www.cs.uaf.edu/ "chappell/papers/defram
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