Math F412: Homework 13 Due: April 29, 2013

1. Let y be a unit speed curve into a surface M with tangent vector T. Suppose the surface is ori-
entable, and has unit normal U. At any point on the curve where T = y # 0 we can decompose

y=aT+b(UxT)+cU

for unique constants a,b,c. Moreover, a = 0 since ||||> is constant. Recall that the curvature x of

y in R? is
r= 7l = Vot e

Thus we can write
y=xcos(¢p)(UxT)+xsin(¢)U

for some angle ¢, uniquely defined up to multiples of 2. We called the quantity

Kg = K.cos(¢p)

the geodesic curvature of y and
Kk, = ksin(¢)

the normal curvature of y. The point of this exercise is to generalize the notion of geodesic cur-
vature a little and connect it to the notion of covariant derivatives. You should note that geodesic
curvature, as defined, is a signed quantity, like planar curvature. We can do this because the sur-

face is orientable, and hence we can make a global choice of a unit tangent vector perpendicular
toT.

a) Suppose y is a not-necessarily unit speed curve in M. We define the geodesic and normal
curvatures of y to be the corresponding curvatures of a unit speed reparameterization of
y. Show that normal and geodesic curvatures of y can be computed via

Hint: Recall that a unit speed reparameterization 3 of y satisfies S(s(t)) = y(t) where s is
the arclength function of y.

b) Let y be a regular but not-necessarily unit speed curve in M. Show that
Y =T+ ke (UxT)+k,u*U
where T is the unit tangent to y and y = |y’|.

c) Recall that we defined that a curve y is a geodesic if its acceleration is always in the normal
direction. Show that this implies y is a geodesic if and only if y’ is parallel along y.

d) Demonstrate that
VMY = W' T+ kgp*(U x T)

and that y is a geodesic if and only if y is constant speed and «, is zero along y.
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2. Show that if v and w are vector fields defined along y that (v-w)’ =v - V}Iw + w - Vv

3. Suppose y is a regular curve in the orientable surface M with normal U. Suppose v is parallel
transported along y. Show that v+ = U x v is also parallel transported along y, and that {v,v*}
is an orthonormal basis along .

4. With the same notation as in the previous problem, at each point on the curve we can write
y = p(cos(0)v + sin(6)v+), where p is the speed of the curve and 6 is a function uniquely
defined up to multiples of 277. Show that x, = 6. In particular, for unit speed curves, x, = 6.

a) Show that for all n € Z, lim,_ ¢+ x"e"V/** = 0.

b) Define ¢(x) = e/ for x > 0 and ¢(x) = 0 for x < 0. Show that ¢ is differentiable to all
orders at 0 and that all its derivatives vanish there. Hence ¢ is a smooth function.

c) Construct a smooth function that is even, non-negative, equals 1 at 0, and vanishes outside
of (-1,1).

d) Construct a smooth function that is non-negative, has values in [0, 1], is equal to zero on
(—00,0) and is equal to 1 on (1, 00).

6. Suppose y is a curve from p to q and y is a reparameterization of y. Show that Hf,q =11},

7. Compute the inverse of IT},, by explicitly constructing a curve 8 with Hﬁq = (I1),)!



