
Math F302: Differential Equations Quiz 5 Example

1. Find the solution of
y′ + 4y = f (t); y(0) = 7

where

f (t) =
⎧⎪⎪⎨⎪⎪⎩

0 t < 1
e−2t t > 1.

Solution:

Notice that

f (t) = u1(t)e−2t

= u1(t)e−2(t−1)−2

= e−2u1(t)e−2(t−1).

By our switching rule,

L{ f (t)} = L{e−2u1(t)e−2(t−1)}
= e−2L{u1(t)e−2(t−1)}
= e−2L{S1 {e−2t}}
= e−2e−sL{e−2t}

= e−2e−s 1
s + 2

.

Taking the Laplace transform of both sides of the differential equation,

(s + 4)Y − y(0) = e−2e−s 1
s + 2

and therefore
Y = 7

s + 4
+ e−2e−s 1

(s + 2)(s + 4)
.

Using partial fractions,
1

(s + 2)(s + 4)
= 1
2
[ 1
s + 2

− 1
s + 4
] .

Hence
L−1 { 1

(s + 2)(s + 4)
} = 1

2
[e−2t − e−4t] .

By our rule for switching,

L−1 { e−s

(s + 2)(s + 4)
} = S1 {L−1 {

1
(s + 2)(s + 4)

}}

= S1 {
1
2
[e−2t − e−4t]}

= u1(t)
1
2
[e−2(t−1) − e−4(t−1)] .
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Hence

y = L−1 { 7
s + 4

+ e−2e−s 1
(s + 2)(s + 4)

}

= 7L−1 { 1
s + 4
} + e−2L−1 {e−s 1

(s + 2)(s + 4)
}

= 7e−4t + e−2u1(t)
1
2
[e−2(t−1) − e−4(t−1)]

= 7e−4t + u1(t)
1
2
[e−2t − e−4t+2] .
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