Lecture Notes on Surfaces
Math 412 (Spring 2005)

1. Surfaces

Intuitively, a surface is a subset BF that “looks like” a plane when you zoom in on it, in
the same way that the graph of a smooth function looks likeeaiihen you zoom in on it.
Surfaces are more complex objects than curves, and to ajgedp describe them we will
require a more complex definition than we had for curves. ixglction we will gradually
build the definition of a surface so as to understand the mganfieach of its requirements.
We start with a definition that generalizes the notion of aveur

Definition 1.1 A (smooth) patchis a smooth functiom : U — R3, whereU is an open
subset oRR?. We sayo isregular if the Jacobian matrix of has rank 2 at every point of
U. Thetrace orimageof o is the setr(U).

If o(u,v) = (z(u,v),y(u,v), z(u, v), then the Jacobian matrix efis
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We also use the notation, = Lo ando, = 20, so thatDo = [0,,]0,]. The Jacobian
matrix Do has rank 2 if and only i, ando, are linearly independent. As we will see, this
condition helps ensure that the tracesaboks like a plane at small scales. For example,
the functions(u, v) = (u, 0,0) is a non-regular patch since its Jacobian matrix is

1 0
Do=|(0 0].
0 0
The trace ob is thex axis, which clearly does not look like a plane at any scale.

Exercise 1.1Leto : U — R? be a patch, and let € U. Show that the following are
equivalent.

1. Do, has rank 2.
2. oyu(q) Noy(q) #0.

3. Do, has & x 2 minor with non-zero determinant.

A first attempt to define a surface might be to call a surfacértiee of a regular patch. But
this approach leads to several difficulties. First, if thecpas not injective, there might be
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places where the trace does not not look like a plane at soaés For example, consider
the regular patch : R? — R? defined by

o(u,v) = (sin(u), sin(2u), v).

Figure 1: The trace aof.

The trace obr is a cylinder with figure-eight shaped cross-sections. Triggrobelongs to
the trace ofr, but it seems clear that the tracecohear to origin does not look much like
a plane when we zoom in on it. To try to avoid this phenomenomigit decide to work
with injective patches. But this leads to a new difficulty.eTimit spheres? defined by

S? ={(z,y,2) ER}: 2 492 + 22 =1}
should be a first class example of a surface. But it isn’t dieav to write S? as the image
of an injective regular patch. In fact, using ideas from logy it can be shown that there

are no regular injective patches that haeas their trace. The solution to this problem is
to use several injective regular patches to describe tHacgur

Definition 1.2 (Preliminary) A surfaceis a setS C R? such that for every € S there is
an injective regular patch : U — R3 satisfyingp € o(U) C S.

The definition includes such objects as planes and sphewt#.dBso includes many objects
that we would not want to call surfaces. Here are two examples

Example A. The setS, = R? satisfies the preliminary definition of being a surface. For
example, define;, : R? — R3 by o,(u, v) = (u, v, h). These are regular injective patches
andS4 = Uper o4(R?).
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Example B. The figure-of-eight cylinder
Sp = {(sin(u), sin(2u),v) : u,v € R}
also satisfies the preliminary definition of a surface. Talmsewe define : (—7, 7) xR —
R3 by
o(u,v) = (sin(u),sin(2u), v).

Theno is an injective regular patch and the tracesa$ Sp.

Exercise 1.2 Show that the patct of Example B is regular and injective, and that its trace
isSpg.

Our final definition of a surface will have to be more restvietihan what we have proposed
so far. The extra ingredient we need is a little subtle andireg a short diversion into the
theory of metric spaces.

1.1 Metric spaces

A metric space is a sé&t with a distance functiod : S x S — R that satisfies the following
properties:

1. Forevery,q € S,d(p,q) > 0andd(p,q) = 0 ifand only if p = q.
2. Forevenyp,q € S,d(p,q) = d(q,p).

3. Foreveryp,q,t € S, d(p,t) < d(p,q) + d(q,t). This is known as the triangle
inequality.

The setR™ with the Euclidean distance functiefip, ¢) = \/(p — q,p — q) is a premiere
example of a metric space. The only other metric spaces wevaik with are subsets of
R™, withn = 1, 2, or3. If S C R", it becomes a metric space simply by inheriting the
Euclidean distance function &f".

Let S be a metric space with distance functianWe define théall of radiusr centered at

p € S to be the seBg,(p) = {g € S : d(p,q) < r}. When the metric space is clear we
will often write B,.(p) instead ofBg ,.(p). A setU C S is openif for everyq € U, there is
aradiusr such thatB,.(¢) C U. These ideas correspond with the standard notions of balls
and open sets whefhis R".

Exercise 1.3 Show that balls are open sekint. Use the triangle inequality.

Exercise 1.4 Showthatif U, } .c is a collection of open sets, then the union= e Ua
is an open set.

Whens is a subset oR?, there is an easy way to characterize the open seis of
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Lemma 1.1. LetS C R? be a metric space with the Euclidean distance, and lesubset
of S. The following conditions are equivalent

1. U is open.

2. There is an open subsétof R? such that’ N S = U.

Proof: Supposd/ C S is open. For each € U there is a radius such thatBg,.(p) C U.
SinceBs,, (p) = {¢ € S : d(p,q) < rp}, and sinceBgs ,, (p) = {q € R? : d(p, q) < rp},
it follows that By ., (p) = Bgs,, N S. Now

U= Bsr,(») = U (Brs,, NS) = (U BR?W) ns.

peS peS peS

SettingV’ = Upes By, (p), we see thaV’ isopenar/ = V' N S.

On the other hand, ¥ is an open set i? and ifp € SNV, there is a radius such that
Bgs .(p) is contained in/. ButthenV’ N S O (BR?,m(p) N S) = Bg.(p). SoV N Sis an
opensetinS. O

If S is a metric space, we say a sequefigg:°, convergesto p (and writep; — p) if for
everye > 0 there is an integeN > 0 such that ifi > N thenp; € B.(p). Again, when
S = R", this definition of convergence agrees with the standarahitiefi.

Finally, if f : X — Y is a function between two metric spaces, we say fhatontinuous
if whenever a sequende; }°, in X converges to a point, then the sequendgf (p;) }:2,
converges it to f(p). This notion of continuity is the standard notion of conttguvhen
the metric space R".

Exercise 1.5 SupposeX andY are metric spaces arfd: X — Y. Suppos€ U, }.c1 IS a
collection of open sets such that-;U, = X and such that the restriction $fto eachl,,
is continuous. Show thdgt: X — Y is continuous.

An important property of continuous functions is thaffif X — Y is continuous and if
U C Y is open, therf~1(U) is an open set. We prove this fact here for future use.

Proposition 1.2. If f : X — Y is continuous, and il C Y is open, therf ~1(U) is open.

Proof: We proceed by contradiction. Suppdses an open subset &f and supposé¢—'(U)
is not an open subset of. Then there is a point € f~1(U) such thatB,(p) ¢ f~1(U)
for any radiusr. In other words, for every radiusthere is a poiny € B, (p) such that
f(q) ¢ U. We construct a sequence by choosing for eaehl, 2, - - - a pointg; in Bi(p)

such thatf(¢;) € U. Itis easily verified that; — p.
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SinceU is open and sincg(p) € U, there is radius such thatB,(f(p)) C U. Sincef is
continuous and sinag — p, it follows thatf(¢;) — f(p). In particular, there is afv such
thatifi > N, thenf(¢;) € B-(f(p)). Butthenf(g;) € U fori > N, a contradiction. o

1.2 The definition of a surface

We are now in a position to properly define a surface.

Definition 1.3 Supposes C R3. A chart into S is a patchr : U — R? such that
1. oisregular.
2. o isinjective.

3. The trace of is contained irS and there is an open subsétof R? such that
oU)=VnS§s.

4. The inverse function=! : o(U) — U is continuous.

The existence of the inverse function supposed in condiitmilows from the fact that

is a bijective map front/ to o(U). The continuity of the inverse function is the important
distinction; verifying this continuity is typically the hdest step in showing a patch is a
chart.

Definition 1.2 (Final) A surfaceS is a non-empty subset & such that for every ¢ S
there is a chant into S such thap belongs to the trace of.

If we dropped conditions 3 and 4 from the definition of a chad,would have exactly the
preliminary definition of a surface. Condition 3 rules outllexamples such as surface
S 4 = R3, and condition 4 rules out the figure-of-eight surfage

We described the sef, before with the regular injective patcheg : R> — R3 by
op(u,v) = (u,v, h). These patches fail condition 3 and therefore cannot beé<imo S 4.

For example, the trace of chaij is the plane: = 0. This set contains the origin, but every
open set irR? containing the origin also contains points with# 0. This shows that our
previous attempt to show, is a surface fails the new definition, but we have not proved
thatS 4 is not a surface (there might be some other way to deséribeith charts). In fact,

S 4 is not a surface, but a rigorous proof of this will have to waitil later in the course.

We described the surfacs; using a single patch : U — R3 wherelU = (-, 7) x R and
where

o(u,v) = (sin(u),sin(2u), v).
This patch fails condition 4. Consider the points

1 1 2
n = - —, — 1 - =), 1 2 - =), .
pn =o(m " 0) = (sin(r n) sin(2m n) 0)
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This is a sequence of points fi, and it is easy to see that — (0,0,0). Buto=!(p,) =
(m—1,0). The sequencgr—!(p,)}5, does not converge to any point@f(it converges
in R? to (7, 0) which is outside the domaiti). Again, we have not shown here definitively
thatSp is not a surface; the proof that this is true will also have &atw

1.3 Showing a set is a surface

Showing a setis a surface from the definition can be cumbegsespecially the verification
that the inverse function of a chart is continuous. So it isfuisto have some alternate
means of description.

We first show that graphs of functions are surfaces. Supfgdsen open subset & and
f: U — Ris asmooth function. Let = {(x,y, 2) : (z,y) € U,z = f(z,y)}. To see that
S is a surface, we define : U — R3 by o(u,v) = (u, v, f(u,v). The Jacobian matrix of

ois
1 0
DU(O 1)
fu fo

which has rank 2. Se is regular and satisfies condition 1 of being a chart Mtdt is easy
to see that is injective and therefore satisfies condition 2. The trdce 1 contained in
S and is in fact all ofS. So condition 3 is satisfied withi = R3. Finally, we need to show
thato—! is continuous. To do this, we defipe: U x R — U by p(z,y, z) = (z,y). The
following exercise shows thatis continuous.

Exercise 1.6 Supposé/ andV are open sets iR?> andR? respectively and that: V — U
is a continuous function. Show that $f C V is a set, then the restriction gfto S,
plg : S — U, is also continuous.

Sincep| g is exactly the functiom—!, we conclude that ! is continuous. Se is a chart
into S. Since the trace af is all of S, we have showi¥ is a surface.

Of course, some surfaces cannot be described by a singte Tharfollowing propositions
shows that we can show a set is a surface by breaking it up éntaic pieces and showing
that each piece can be written as the graph of a function.

Proposition 1.3. Supposef : U — R is a smooth function, wheré is an open subset of
R2. Suppose also that: U — R3 is given by one of the following three expressions:
o(u,v) = (u,v, f(u,v)) (1)
or
o(u,v) = (u, f(u,v),v) (2)
or

o(u,v) = (f(u,v),u,v). (3)
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If S C R3 is a set, and if there exists an open8ah R3 such thatr(U) = V N S, theno
is a chart intds.

Proof: We will assume that (u,v) = (u,v, f(u,v)), as the proof in the other cases
proceeds in the same way interchanging the roles of theblasaWe can also assume that
V satisfiesV € U x R. Otherwise we can repladé with V' N (U x R). This is still an
open subset @3 andV N (U x R) NS = o(U)N (U xR) = o(U).

Arguing as beforeg satisfies conditions 1 and 2 of being a chart iftoand it satisfies
condition 3 by hypothesis. So we just need to checkdhatis continuous. Lep : V — U
be the projection function(z,y, z) = (z,y) used before. Notice that the image;ofs
contained ir/ sinceV’ C U x R. From Exercise 1.6 we conclude thaf, ; is continuous,

and this is exactly —!. Hencer is a chart intaS. O

Exercise 1.7Let U = {(x,y) € R? : 22 + y? < 1. Define patches; : U — R3,
1=1,---6, as follows:

o1(u,v) = (u,v,\/1 —u? —v?)
oo(u,v) = (u,v, —\/1 — u? — v2)
o3(u,v) = (u,\/1 —u? —v2 )
o4(u,v) = (u, —\/1 —u? —v20)
o5(u,v) = (1 —u? — 02 u,v)
o6(u,v) = (=1 —u? —v2 u,v)

Use Proposition 1.3 and these patches to show that the sphésa surface.

Describing surfaces by piecing together graphs of funetican still be tedious. We now
turn to a way of describing surfaces that often works withimad effort.

If V is an open set i3, and ifg : V — R, we say thap € V is aregular point of g if
Dg, # 0. Otherwise we say is acritical point (of g). Finally, we say that € R is a
regular value of ¢ if g=1(c) # 0 and if eachp € g~!(c) is a regular point of (otherwiser
is acritical value).

Proposition 1.4. Supposé’ is an open subset & andg : V — R is a smooth function.
If c is a regular value of, theng~(c) is a surface. Moreover, for every point g=—(c)
there is a chart into S such thap is in the trace of ando is of the form (1), (2), or (3).

Proof: SinceDf, # 0, we can assume th%lg(p) # 0 (otherwise we could just rename
the coordinates). We define a functién: V x R — R3 by F(z,y, 2) = (z,y, g(z,y, 2)).
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Then
1 0 O
DF=[0 1 0
9z Gy Gz

Sinceg.(p) # 0, DF, is an invertible matrix. The inverse function theorem ireplthat
there exists an open sBt C V' containingp such thatF' is a bijection fromiV to F'(W)
and such that the inverse function Bfdefined oni¥’ is smooth. Notice that the inverse
function must have the forld =~ (xz, y, 2) = (z,y, f(z,y, z)) for some smooth functiofi.

Let U = {(u,v) € R? : (u,v,c¢) € F(W)} wherec = f(p). Since F(W) is open in
R3, this easily seen to be an open seRih We define a smooth pateh: U — R3 by
o(u,v) = (u,v, f(u,v,c)). Theno(U) = g~'(c) N W. From Proposition 1.3 we conclude
thato is a chart intgy—!(c) with pin its trace. Since the choice pfs arbitrary, we conclude
g~ 1(c) is asurface. O

We can now give an easy proof that the sphere is a surfacey(kef, z) = 22 + y? + 2°.
The sphere is the set''(1). Now Dg = (2z,2y,22)”. In particular,Dg vanishes only at
(0,0,0) which does not belong t9~1(1). Hence the sphere is a surface.

The key technical tool we used in proving Proposition 1.4eslhverse Function Theorem
from multidimensional calculus. Intuitively, this theomnestates that if" : R — R™ is
smooth, and if its linear approximation at some poirgt Uis an invertible function, then
there is a neighborhoad, of p such thatF' restricted taU, is itself an invertible function
(with smooth inverse). Of course, we have to be careful atheuomains and ranges these
functions, and the formal result is the following.

Proposition 1.5. Inverse Function TheoremLet U be an open set &™ and suppose
F : U — R" is a smooth function. If for some poiptc U the Jacobian matriR F, is
invertible, then there is an open $&t C U containingp such that

1. F(U,) C R" is an open set.

2. The restriction ot to U, is bijective and has a smooth inverse function. That is,
F : U, — F(Up) has a smooth inverse functidir! : F(U,) — U,,.

2. Smooth functions on surfaces

Now if A is an arbitrary subset &', we do not have a good notion of what it means for a
function f : A — R to be smooth. The definition of the derivative at a poimequiresf

be defined on an open set containjngSo we have until now restricted our discussion of
smooth functions to function defined on open sets. To defirm#mfunctions on surfaces,
we need a new idea.
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Definition 2.3 Let S be a surface. We say that: S — R™ is smooth if for every chart
c:U—= S, foo:U — R"isasmooth function.

The motivation for this definition comes from the intuitidrat a chart should be a smooth
function into S and that the composition of smooth maps should be smoothif Buis a
surface, what does it mean for a function taking valueS o be smooth? One possible
definition would bef : U C R™ — S is smooth if it is smooth thought of as a function
taking values irR3. This would be an acceptable definition, for now, but it tusnsthat it
doesn't generalize well. Instead, we follow the approacBefinition 2.3.

Definition 2.4 Let S be a surface, and lét C R™ be an open set. We say thatU — S
is smoothif for every chartr : U — S, o~1 o f is smooth on its domaifi— (o (U)).

What is the domain of ~!(¢(U))? Sinces(U) is the intersection of an open sétwith S,

it follows that f~1(o(U)) = f~1(V). Sincef is continuousf~!(V) is an open subset of

U. It might be empty, in which case we say' o f is trivially smooth. Otherwise, it makes

sense to talk about a smooth function frgm' (o (U)) to U. So this definition makes sense.

Exercise 2.8 Show that ifU C R" is open and iff : U — S is smooth, therf is smooth
thought of as a function taking valuesEA.

The converse of Exercise 2.8 is also true. The following egngnce of the Inverse Function
Theorem is the key ingredient to show this.

Lemma 2.1. 0 : U — R3 is a regular patch and suppagec U. Then there is an open
setU,, C U containingqy, an open set’ C R3 containingf (qo), and a smooth function
G :V — Uy, suchthat:(o(q)) = q for everyq € Uy,.

Proof: Let o = (uo,vo). Sinceoy(ug,vp) andao,(ug, vg) are linearly independent, we
can assume (possibly after relabeling coordinates) thesetivectors together widy =
(0,0,1)T form a basis foR3. DefineF : U x R — R3 by F(u,v,w) = o(u,v) + (0,0, w).
The Jacobian matrix of' is DF' = [oy|0y|es]. In particular,DF,, ., o) is an invertible
matrix. The Inverse Function Theorem implies that thereniopen sefil’ containing
(uo, vo, 0) such thatt" is a bijective map fromiV to an open sev’ = F'(.S), and such that
the inverse function fron¥" to IV is smooth. By shrinking? we can assume it is of the
form Uy, x (—e¢, €) whereU,, is an open subset @f containingg.

Definer : R? — R by n(z,y,2) = (z,y, 2), and letG = 7 o F~1. Then( is a smooth
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function takingl” to U,,, and if (u, v) € Uy, then

G(o(u,v)) = G(F(u,v,0))
= 1(FY(F(u,v,0)))
= m(u,v,0)
= (u,v).

Sod is the function we seek. o

Proposition 2.2. Let S be a surface. Suppo¥ecC R”" is open and suppoge: V — R? is
smooth. IfF(V)) C S, thenf : V — S is smooth.

Proof: We need to verify thatif : U — S is a chart, them—! o f is smooth on its domain.
Let o be a chart and suppossds a point in the domain o ~! o f. We need to show that
o1 o f is smooth on a neighborhood of Letp = f(z) and letg = ¢~ !(p). By Lemma
2.1 there is an open subgét of U containingg and and open subsg} of R? containing
p and a functiors : V,, — U, such thaiG o o : U, — U, is the identity. In particular
restricted tol}, N S'is o~1. But then onf—l(Vp) (which is an open set containing we
havec—! o f = G o f which is smooth. o

Supposer : U — S andé : U — S are charts intd' such thatr(U) N &(U) # 0. By

shrinking domains we can assume thélt') = 5(U). We call the functio—loo : U — U
atransition function. Proposition 2.2 implies transition functions are smooth.

Proposition 2.3. Let S be a surface. Suppose: U — S ands : U — S are two charts
suchthat-(U) = 6(U). Thenc~'oo : U — U is a smooth function with a smooth inverse
function.

Proof: Sinces : U — S is smooth as a function inf@3, Proposition 2.2 implieg ! o ¢
is smooth on its domain (which is all éf). So6~! o ¢ is smooth. This same argument
impliese—' o6 : U — U is also smooth, and it is easy to see this is the inverse famofi

6 loo. O

Definitions 2.3 and 2.4 are aesthetically pleasing, but erfalbe of things they would be
hard to work with in practice. To show a functigh: S — R is smooth, it would seem

that we would have to check that the compositiorf efith every possible chart is smooth.
Fortunately, it turns out that we do not need to check fhat is smooth for every chart,

but only for a select few.

Definition 2.5 Let S be a surface. Amtlas on S is a collection of chart§o,}ocr 0nS
with domaindJ,, such that),cro,(U,) = S.

An example of an atlas on the sphere is the collection of sixtsHrom Exercise 1.7. The
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following proposition shows that a function @ghis smooth if its composition with each
chart in an atlas is smooth.

Proposition 2.4. Let S be a surface, and lét,}.c; be an atlas fo6. If f : S — R",
thenf is smooth if and only iff o o, : U, — R™ is smooth for each.

Proof: If f is smooth, then the composition gfwith any chart is smooth. On the other
hand, supposgo o, is smooth for each. Leto : U — S be some chartint§. Letq € U,
and leto be anindex such that g) is in the trace of,,. We need to show thgto o is smooth
on an open set containing Shrinking the domai/ to be a small open set containing
if necessary, we can suppose thét/) C o,(Uy,). Now f oo = f oo, 00, 00. Since

f o 0, is smooth by hypothesis, and singg! o o is smooth (it is a transition function) we
conclude thaff o o is smooth also. O

We also have the following related result. The proof is leftite reader.

Proposition 2.5. Let S be a surface, and ¢t ,, : U, — S}.cr be an atlas fof. If U is
an open subset &" and iff : U — S, thenf is smooth if and only it ' o f is smooth
on its domain for each.

Exercise 2.9 Supposé&’ C R? is an open set containing a surfsé&eand supposé : V —
R™ is a continuous function. Show that the restrictiorf db S is also continuous.

What about functions between surfaces? Following the meddlave already established,
the following definition is very natural.

Definition 2.6 Let.S andS be two surfaces. We say a functién S — S is smooth if it is
continuous and it~ o f o o is smooth on its domain for every pair of chasts U — S
andos : U — S.

An easy recipe for constructing a smooth map fiio S is as follows. Start with a smooth
function f from an open set” containingS such that its image is contained$h Then the
restriction of f to S thought of as a map int6 is smooth.

Definition 2.7 Let S andS be two surfaces. We say a functign S — S is diffeomor-
phism smooth if it is smooth and has a smooth inverse function

We end this section with the following consequence of Lemmia Proposition 1.4 gives
a powerful way for constructing surfaces. But it does nagatily construct charts into the
surfaces it constructs. But charts are valuable to havedorgdcomputations. Typically
the hardest part of showing a regular patctaking values inS is a chart is showing that
its inverse function is smooth. If we know in advance thas a surface however, it turns
out we can skip this step.
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Proposition 2.6. Supposés is a surface and suppose U — R? is a patch such that
1. o isregular,
2. o Isinjective,
3. o(U)CS.

Theno is a chart intcS.

Proof: By hypothesisg satisfies conditions 1 and 2 of being a chart, so we only need to
verify conditions 3 and 4. Consider a pojne U. From Lemma 2.1 there is an open Egt
containingp, an open subséf, C R? containingr(p), and a smooth functio@,, : V,, — U,

such that,(c(q)) = q for everyq € U,.

Lets : U — S be achart inte such that(p) € 6(U). Sinces is a chartg(U) =V, N S

for some open set, C R®. LetW, = V N V. By shrinking domains if need be we
can assume thdl = 6~1(WW,) andU, = o~ (WW,,). Sinces is a chart, it follows that
&(ZU)) = SNW, HenceW,NS = o(Up). Taking the union over all points, we find
thato(U) is contained inJ,c;y W), which is an open set. So condition 3 of being a chart is
satisfied.

Finally, onW, N S, ¢! is the same a&,. SinceG, is continuous, so is its restriction to
W, N S. Soo~tis continuous on each open sub®gt N S of o(U). Exercise 1.5 then
shows that—! is continuous on all of(U). ©



