Math 200 Calculus I (Bueler) May 9, 2013

Answers to SAMPLE Final Exam
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3. (a) For an equally-spaced grid and right endpoints,

2 — 2
szioz—
n n
and .
2 =0+ iAx = 2.
n
Therefore
/23x+4daz—l'm Zn:(Sx<+4)Aa:—l'mzn: 3 z +4 2
0 o HL)OO i1 ’ B HL)OO i—1 n n
(b)
= 2i 2 2 (6. 2 (6n(n+1)
3| — 4) —=—| — 41 === 4
() ) i n (mee ) =2 (R )
2 14n + 6
=— 1) +4n) =
= (3(n+1)+4n) = —
SO

2
14
/ e 1 dde — lim 26y
0

n—o0 n
()

2 2 2
12
/3:1:+4dx:3x+4x] =—4+8=14
0 2 0 2

4. (a) usingu = 23+ 1and converting limits to u-values,

! 1 [? 1 1
/ z?sec® (z° + 1) do = / sec?udu = - tanu| = - (tan2 —tan1)
0 31 3 ;3

(b) using u = 50 and recalling an integral,

/tan(59) db = ;/tanudu = —%ln lcosu| + C = —% In|cos(56)| + C
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(¢) usingu =sinz,

d 1 1
/cosx d:(::/uz:/u_4du:—3u_3—|—C:—3(sinx)_3+C

sin? z

5. use the Second FTC and the chain rule:
d a? 2
/ t x
fix) = e (/3 cos(e )dt) = 2z cos (e >

6. usingu = /zsox = u?and 2udu = dx,

dz 2udu du
/\/5(14—;10) _/u(1+u2) —Q/HUQ—2arctanu+0—2arctan(\/5)+0

5 — Q
/1 Inzdz ~ an (f(20) + Af (1) + 2f (w2) + 4f (w3) + f(z4))
= % (In14+4In2+2n3+4In4+1nb)

1 1
=3 (In16+In9+1In64+1nb) = 3 In(46080)
[any of the last three forms is fine]

EC. Factor the numerator 2° = z - 22. Thenuse u = 1 — 22,50 22 = 1 —v? and v dz = —du/2:

a 1 [(1-u) 1 [,
- _Z _ = /2 . —1/2
/md“” 2/ N 2/“ w P du
— %ui’)/? _ /2 +C = %(1 _ x2)3/2 —(1— x2)1/2 L C

8. If the two numbers are = and y then = + y = 18 and we want to maximimize P = zy. Note
0 < x < 18 because both = and y are positive. Solving = + y = 18 for y and substituting gives

P(z) = 2(18 — z) = —2% + 18z.
The maximum is at the critical number because P(0) = 0 and P(18) = 0 at the endpoints. So
Pl(z)=-22+18=0 or x=09.

The numbers are 9 and 9. (The sum is 18 and the product is 81. Compare pairs (8.9,9.1) or (8,10) or
(7,11), etc.)

9. (a) y = lisahorizontal asymptote and both x = +1 and = = —1 are vertical asymptotes
(b) first ) )
2z)(r° —1) — (z* — 4)(2x 6x
Py = B =) =@ 0@ 6
(x2—-1) (x2 —1)

so f(z) is decreasing on (—oo, —1) | J(—1,0) and increasing on (0, 1) [ J(1, co)

“"_ 1

(¢) A good sketch shows the asymptotes as dashed lines and has “z” and “y” labels on the
axes. The z-intercepts are (—2,0) and (2,0), the y-intercept is (0,4), and these are all labeled.
The graph is even (i.e. symmetric across the y-axis). The solid curve actually approaches the
asymptotes and is increasing /decreasing as in (b).



10. (@) f'(z)=—22"3so0 f'(5) = —2/53

(b)
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2 4
/2\/5+66$d$:2<3> x3/2+6ex+C:§x3/2+6e“+C

12.  Find dy/dz by implicit differentiation:

d d
2r — 1-y—|—x-—y +3y2—y:0
dx dx

d
—y[—:c+3y2] =-2z+y
dx

dy  2z—y
dr = — 3y?
The slope of the tangent line is
4
dz{pg 2

so the equation of the tangent line is

y—0=2(xz—2) or y =2z — 4.

13. There are two similar triangles: one triangle is formed by the streetlight and the ground
out to the tip of the man’s shadow and the other triange is formed by the man and his shadow
on the ground. Let x be the length of the man’s shadow and let y be the distance of the man
from the base of the streetlight. Then by similar triangles we have

%:xl—gy or 152 = 6z + 6y or ngy
Because x and y are functions of ¢ (i.e. they are changing), we have
dr  2dy
dt — 3dt
But
Z—i = 3 ft/sec

so his shadow is lengthening at

dx 2
7 <3> 3 t/sec
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(We never used the information that the man is 10 feet from the base of the light! But the rate at which
his shadow is lengthening turns out to be constant. It is proportional to the rate at which he is walking,
which is constant.)

14. Either

the values of f(z) can be made as close as you wish to L by choosing values of =
sufficiently close to, but not equal to, ¢

or
for all € > 0 there exists § > 0 so thatif 0 < |z — ¢| < d then |f(z) — L| < €

15.  This has to do with inverse functions and implicit differentiation. Let
y = arcsin z.

This is equivalent to

siny =z
So the derivative with respect to z is
dy 1
CosSYy — =
v dzx
or
dy 1
dr  cosy

We want to write the right side in terms of z, and we know siny = . But by the trig. identity

cos? 0 + sin? @ = 1 we have
cosy =1/1—sin?y = /1 — 22.

dy 1

But then

dx vV1—2z2

which is what we wanted to show.



