Generalization of Lambertφs Reβectance Model

Michael Oren and Shree K▷ Nayar Department of Computer Science Columbia University New York NY 10027

Abstract Lambertφs model for body reβection is widely used in computer graphics▷ It is used extensively by rendering techniques such as radiosity and ray tracing▷ For several realworld objects however Lambertφs model can prove to be a very inaccurate approximation to the body reβectance▷ While the brightness of a Lambertian sur face is independent of viewing direction that of a rough surface increases as the viewing direction approaches the light source di rection▷ In this paper a comprehensive model is developed that predicts body reβectance from rough surfaces▷ The surface is mod eled as a collection of Lambertian facets▷ It is shown that such a surface is inherently nonLambertian due to the foreshortening of the surface facets▷ Further the model accounts for complex geo metric and radiometric phenomena such as masking shadowing and interreβections between facets▷ Several experiments have been conducted on samples of rough diffuse surfaces such as plaster sand clay and cloth▷ All these surfaces demonstrate signiαcant de viation from Lambertian behavior▷ The reβectance measurements obtained are in strong agreement with the reβectance predicted by the model▷ CR Descriptors. I▷3▷7 ♭Computer Graphics♯. Three Dimensional Graphics and Realism, I▷3▷3 ♭Computer Graphics♯. Picture◁Image Generation, J▷2 ♭Physical Sciences and Engineer ing♯. Physics▷ Additional Key Words. reβection models Lambertφs model BRDF rough surfaces moon reβectance▷ 1 Introduction An active area of research in computer graphics involves the cre ation of realistic images▷ Images are rendered using one of two wellknown techniques namely ray tracing♭36♯ or radiosity♭7♯▷ The quality of a rendered image depends to a great extent on the accuracy of the reβectance model used▷ In the past decade com puter graphics has witnessed the application of several physically based reβectance models for image rendering ↼see♭8♯ ♭17♯ ♭10♯ ♭14♯↽▷ Reβection from a surface can be broadly classiαed into two categories. surface reβectance which takes place at the inter face between two media with different refractive indices and body reβectance which is due to subsurface scattering▷ Most of the pre vious work on physicallybased rendering has focused on accurate modeling of surface reβectance▷ They predict ideal specular reβec tion from smooth surfaces as well as wide directional lobes from rougher surfaces♭14♯▷ In contrast the body component has most often been assumed to be Lambertian▷ A Lambertian surface ap pears equally bright from all directions▷ This model was advanced by Lambert♭20♯ more than 200 years ago and remains one of the most widely used models in computer graphics▷ For several realworld objects however the Lambertian model can prove to be a poor and inadequate approximation to body re βection▷ Figure 1↼a↽ shows a real image of a clay vase obtained using a CCD camera▷ The vase is illuminated by a single distant light source in the same direction as the sensor▷ Figure 1↼b↽ shows a rendered image of a vase with the same shape as the one shown in Figure 1↼a↽▷ This image is rendered using Lambertφs model and the same illumination direction as in the case of the real vase▷ As

↼a↽ ↼b↽ Figure 1. ↼a↽ Real image of a cylindrical clay vase▷ ↼b↽ Image of the vase rendered using theLambertianreβectancemodel▷ In both casesillumination is from the viewing direction▷ expected Lambertφs model predicts that the brightness of the cylin drical vase will decrease as we approach the occluding boundaries on both sides▷ However the real vase is very βat in appearance with image brightness remaining almost constant over the entire surface▷ The vase is clearly not Lambertian1▷ This deviation from Lambertian behavior can be signiαcant for a variety of realworld materials such as concrete sand and cloth▷ An accurate model that describes body reβection from such commonplace surfaces is imperative for realistic image rendering▷ What makes the vase shown in Figure 1↼a↽ nonLambertian⋆ We show that the primary cause for this deviation is the roughness of the surface▷ Figure 2 illustrates the relationship between magniα cation and reβectance ↼also see♭17♯↽▷ The reβecting surface may be viewed as a collection of planar facets▷ At high magniαcation each picture element ↼rendered pixel↽ includes a single facet▷ At lower magniαcation each pixel can include a large number of facets▷ Though the Lambertian assumption is often reasonable when look 1Note that the real vase does not have any signiαcant specular componentin which case a vertical highlight would have appeared in the middle of the vase▷ ing at a single planar facet the reβectance is not Lambertian when a collection of facets is imaged onto a single pixel▷ This deviation is signiαcant for very rough surfaces and increases with the angle of incidence▷ In this paper we develop a comprehensive model that predicts body reβectance from rough surfaces and provide ex perimental results that support the model▷ Lambertφs model is an instance or limit of the proposed model▷

Figure 2. The roughness of a surface causes its reβectance properties to vary with image magniαcation▷ The topic of rough surfaces has been extensively studied in the areas of applied physics geophysics and engineering▷ The following is a brief summary of previous results on the subject▷ In 1924 Opik♭25♯ designed an empirical model to describe the non Lambertian behavior of the moon▷ In 1941 Minnaert♭21♯ modiαed Opikφs model to obtain the following reβectance function. fr = k + 1 2π (cos θi cos θ r)^{(k−∞)} (0 ≤ k ≤ ∞) where, θi and θ r are the polar angles of incidence and reβection and k is a measure of surface roughness▷ This function was designed to obey Helmholtzφs reciprocity principle♭2♯ but is not based on any theoretical foundation▷ It assumes that the radiance is symmetrical with respect to the surface normal▷ It will be shown in this paper that this assumption is incorrect▷ Hapke and van Horn♭13♯ also obtained reβectance measurements from rough surfaces by varying the source direction for a αxed sensor direction▷ They found the peak of the radiance function to be shifted from the peak position expected for a Lambertian surface▷ They interpreted this as a minor discrepancy and concluded the Lambertian model to be a reason able approximation▷ Our own measurements demonstrate that this nonLambertian behavior is clearly noticeable and signiαcant when viewer direction is varied rather than source direction▷ The studies cited above were attempts to design reβectance models based on measured reβectance data▷ In contrast Smith ♭30♯ and Buhl et al▷♭4♯ attempted to develop theoretical models for reβection from rough surfaces▷ These efforts were motivated primarily by reβectance characteristics of the moon▷ Visible and infrared emissions from the moon were recorded by a number of researchers ↼for examples see♭26♯ and♭29♯↽▷ These measurements indicate that the moonφs surface reβects more light back in the di rection of the source ↼the sun↽ than in the normal direction ↼like Lambertian surfaces↽ or in the forward direction ↼like specular sur faces↽▷ This phenomenon is referred to as backscattering▷2 Smith modeled the roughness of the moon as a random process and as sumed each point on the surface to be Lambertian in reβectance▷ Smithφs analysis however was conαned to the plane of incidence and is not easily extensible to reβections outside this plane▷ More over Smithφs model does not account for interreβection effects▷ 2A different backscattering mechanism called retroreβection or opposition effect produces a sharp peak close to the source direction ↼see ♭13 19 32 24 28 12♯↽▷ This is not the mechanism discussed in this paper▷

Buhl et al▷ ♭4♯ modeled the surface as a collection of spherical cavities▷ They analyzed interreβections using this surface model but did not present a complete model that accounts for masking and shadowing effects for arbitrary angles of reβection and incidence▷ Subsequently Hering and Smith♭15♯ derived a detailed thermal emission model for surfaces modeled as a collection of Vcavities▷ However all cavities are assumed to be identical and aligned in the same direction namely perpendicular to the sourceviewer plane▷ Further the model is limited to the plane of incidence▷ More recently body reβection has emerged as a topic of interest in the graphics community▷ Poulin and Fournier♭27♯ derived a re βectance function for anisotropic surfaces modeled as a collection of parallel cylindrical sections▷ Addressing a different cause for nonLambertian reβectance from the one discussed here Hanrahan and Krueger♭11♯ used linear transport theory to analyze subsur face scattering from a multilayered surface▷ Other researchers in graphics have numerically precomputed fairly complex reβectance functions and stored the results in the form of lookup tables or co efαcients of spherical harmonic expansion ↼for examples see♭5♯ ♭17♯ ♭35♯↽▷ This approach though practical in many instances does not replace the need for accurate analytical reβectance models▷ The reβectance model developed here can be applied to isotropic as well as anisotropic rough surfaces and can handle arbitrary source and viewer directions▷ Further it takes into account com plex geometrical effects such as masking shadowing and inter reβections between points on the surface▷ We begin by modeling the surface as a collection of long symmetric Vcavities▷ Each V cavity has two opposing facets and each facet is assumed to be much larger than the wavelength of incident light▷ This surface model was used by Torrance and Sparrow♭31♯ to describe incoher ent directional component of surface reβection from rough surfaces▷ Here we assume the facets to be Lambertian3▷ First we develop a reβectance model for anisotropic surfaces with one type ↼facet slope↽ of Vcavities with all cavities aligned in the same direction on the surface plane▷ Next this result is used to develop a model for the more general case of isotropic surfaces that have normal facet distributions with zero mean and arbitrary standard deviation▷ The standard deviation parameterizes the macroscopic roughness of the surface▷ The fundamental result of our work is that the body reβectance from rough surfaces is not uniform but increases as the viewer moves toward the source direction▷ This deviation from Lambertφs law is not predicted by any previous reβectance model▷ We present several experimental results that demonstrate the accuracy of our model▷ The experiments were conducted on real samples such as sand plaster and cloth▷ In all cases reβectance predicted by the model was found to be in strong agreement with measurements▷ The derived model has been implemented as a shading function in RenderMan♭33♯▷ We conclude by comparing real and rendered images of a variety of objects▷ These results demonstrate two points that are fundamental to computer graphics. ↼a↽ Several realworld objects have body reβection components that are signiαcantly nonLambertian▷ ↼b↽ The model presented in this paper can be used to create realistic images of a variety of realworld objects▷ 2 Radiometric Deαnitions In this section we deαne radiometric concepts that are used in the remainder of this paper▷ These concepts are discussed in detail in ♭23♯▷ Figure 3 shows a surface element dA illuminated from the direction ψs = (θi, ϕi) and viewed by a sensor (image pixel) in the direction v = (θr, ϕr). We use θ to denote polar angles and ϕ to 3This assumption does not limit the implicationsof the reβectance modelpresented here▷ The nonLambertianbehaviorreportedhere is expectedfor a wide range of local body reβectance models ↼see♭6♯ for example↽ since surface roughness is shown to play a dominant role▷

Figure 3. Geometry used to deαne radiometric terms▷ denote azimuth angles▷ The sensor subtends an inαnitesimal solid angle dωr from any point on the surface▷ The light energy reβected by the surface patch is proportional to the light incident on the patch▷ Irradiance is deαned as the light βux incident per unit area of the surface. E(θi, ϕi) = dF i(θi, ϕi) dA (1) This is the directional irradiance of the surface as it represents light energy incident from the direction (θi, ϕi). The total irradiance of the surface is the fiux incident from all directions and may be denoted simply as E▷ The brightness measured by the sensor is proportional to the radiance of the surface patch in the direction (θr, ϕr). Surface radiance is deffned as: Lr (θr, ϕr, θi, ϕi) = d2Fr (θr, ϕr, θi, ϕi) dA cos θr dωr (2) It is the fiux radiated by the surface per unit solid angle, per unit foreshortened area. It depends on the direction of illumination and the sensor direction. The relationship between irradiance and radiance of a surface is determined by its refiectance properties. The bi-directional refiectance distribution function (BRDF) is deffned as the ratio of radiance to irradiance: fr(θr, ϕr, θi, ϕi) = dLr(θr , ϕr, θi, ϕi) dE(θi, ϕi) (3) All the above deffnitions are general, in that, they are valid for surfaces with any refiectance characteristics. For an isotropic surface, radiance and BRDF do not change if the surface is rotated about its normal vector. For such surfaces, the BRDF is simply: fr(θr, θi, ϕr − ϕi) = dLr(θr , θi, ϕr − ϕi) dE(θi) (4) A special type of refiectance that is widely used for image rendering is Lambertian refiectance. A Lambertian surface is an ideal diffuser whose radiance is independent of the viewing direction of the sensor; it appears equally bright from all directions. Its BRDF is fr =^ρ_π where ρ is the albedo of the surface and represents the fraction of incident energy that is reβected by the surface▷ 3 Surface Roughness Model There are several ways of modeling surface roughness▷ The general approach is to select a model that is capable of rep resenting real surfaces and at the same time easy to use dur ing the mathematical development of the reβectance model▷ All surface models found in applied physics and geophysics liter ature can be divided into two broad categories▷ In the αrst case the surface is modeled as a random process ↼see♭1 34 30♯↽▷ Using this approach it is difαcult to derive a reβectance model for arbitrary source and viewer directions as well as to analyze interreβections▷ In the second category surfaces are as sumed to be composed of several elements with some primitive shape for example spherical cavities Vcavities holes etc ↼see♭4 31♯↽▷ As shown in this paper the effects of shadowing mask ing and interreβections need to be modeled to obtain an accurate reβectance model▷ To achieve this we use the roughness model proposed by Torrance and Sparrow♭31♯ that assumes the surface to be composed of long symmetric Vcavities ↼see Figure 4↽ with their upper edges in the same plane▷ Each cavity consists of two planar facets▷ The width of each facet is assumed to be small compared to its length▷ The roughness of the surface is speciαed using a probability function for the distribution of facet slopes▷

Figure 4. Surface modeled as a collection of Vcavities▷ The Vcavity roughness model can be used to describe surfaces with both isotropic as well as anisotropic ↼directional↽ roughness▷ We assume each facet area da is small compared to the area dA of the surface patch that is imaged by a single sensor pixel▷ Hence each pixel includes a very large number of facets▷ Further the facet area is large compared to the wavelength λ of incident light and therefore geometrical optics can be used to derive the reβectance model▷ The above assumptions can be summarized as. λ2 ≪ da ≪ dA (5) The facets could be relatively small as in the case of sand and plaster, or large as in the case of outdoor scenes of terrain.

Slope-Area Probability Distribution:

We denote the slope and orientation of each facet in the V-cavity model as (θa, ϕa). Torrance and Sparrow have assumed all facets to have equal area da▷ They use the distribution N(θa, ϕa) 4 to represent the number of facets per unit surface area that have the normal a = (θa, ϕa). Here, we use a probability distribution to represent the fraction of the surface area that is occupied by facets with a given normal. This is referred to as the slope-area distribution P (θa, ϕa). The facet-number distribution and the slope-area distribution are related as follows: P (θa, ϕa) == N(θa, ϕa) da cos θa ↼6↽ The slopearea distribution is easier to use than the facetnumber distribution in the following model derivation▷ For isotropic sur faces N(θ a, ϕa) = N(θa) and P (θa, ϕa) = P (θa), since the distributions are rotationally symmetric with respect to the global surface normal n ↼Figure 4↽▷ 4In♭31♯_{N(θa , ϕa) is denoted by p(α) where θa = α and ϕa = 0.}

4 Re↓ectance Model In this section, we derive a re↓ectance model for body re↓ectance from rough surfaces. The V-cavity model is used to describe surface geometry and each facet on the surface is assumed to be Lambertian in re↓ectance. The following three types of surfaces with different slope-area distributions are examined. (a) Uni-directional Single- Slope Distribution: This distribution results in a non-isotropic surface where all facets have the same slope and all cavities are aligned in the same direction. (b) Isotropic Single-Slope Distribution: Here, all facets have the same slope but they are uniformly distributed in orientation on the surface plane. (c) Gaussian Distribution: This is the most general case examined where the slopearea distribution is assumed to be normal with zero mean. The roughness of the surface is determined by the standard deviation of the normal distribution. The re↓ectance model obtained for each of the above surface types is used to derive the succeeding one. Effect of Roughness on Body Re↓ectance:

Before we proceed to derive re↓ectance models for the abovementioned surface types, a brief illustration of the effect of roughness on body re↓ection would be useful. Consider, for the purpose of discussion, the single V-cavity shown in Figure 5. Both facets of the cavity are fully illuminated by a distant source on the right side. If the facets are Lambertian with equal albedo, the left facet appears brighter than the right one as it receives more incident light. If the V-cavity is viewed from the left side by a distant observer, a larger fraction of the foreshortened cavity area is dark and a smaller fraction is bright. As the observer moves to the right, towards the source direction, the fraction of brighter area increases while that of the darker area decreases. Consequently, the total brightness, or radiance, of the cavity increases as the observer approaches the source direction. Note that this results from the brightness disparity between the two facets which increases with the angle of incidence. This effect is in contrast to Lambertian surfaces whose brightness does not vary with the viewing direction. The above illustration demonstrates that rough diffuse surfaces are inherently non-Lambertian in re↓ectance. Their radiance increases as the viewer approaches the source direction. Now we present a formal treatment of the above effects.

Figure 5: The radiance of the V-cavity increases as the viewer moves towards the illumination direction.

The Projected Radiance: Consider surface area dA that is imaged by a single sensor ele

ment in the direction ψv = (θr , ϕr) and illuminated by a distant point light source in the direction s = (θi, ϕi). The area dA is composed of a very large number of symmetric Vcavities▷ Each Vcavity is composed of two facets with the same slope but facing in opposite directions▷ Our approach is to compute the radiance contribution of each facet on the surface▷ Then the total radiance of the surface patch can be determined as an aggregate of the contributions of all facets▷ Consider the βux reβected by a facet with area da and normal ψa = (θa, ϕa). The projected area on the surface occupied by the facet is da cos θa ↼see Figure 4↽▷ Hence while computing the contribution of the facet to the radiance of the surface patch we need to use the projected area da cos θ a and not the actual facet area da▷ The radiance contribution thus determined is what we call the projected radiance of the facet. Lrp(θa, ϕa) = d2F r(θa, ϕa) (da cos θa) cos θr dωr (7) For ease of description, we have dropped the source and viewing directions from the notations for projected radiance and fiux. Total Radiance:

Now consider the slope-area distribution of facets given by P (θa, ϕa). The total radiance of the surface can be obtained as the average of Lrp(θa, ϕa) of all facets on the surface: Lr (θr, ϕr, θi, ϕi) = (8) ∫ π_2 θ_a=0 ∫ _π ϕ_a =0 P (θa, ϕa) Lrp(θa, ϕa) sin θa dϕa dθa Thus we have decomposed the problem of computing the radiance of any rough surface to one of computing the projected radiance for each facet on the surface▷ The total radiance of the surface is then obtained by integrating the product of the projected radiance and the slopearea distribution function over all facet normals▷

4▷1 Model for Unidirectional SingleSlope Distri bution The αrst surface type we consider has all facets with the same slope θa▷ Further all Vcavities are aligned in the same direction, azimuth angles of all facets are either ϕ a or ϕa + π▷ The results obtained for this anisotropic surface will be used later in the analysis of isotropic surfaces▷ Radiance from a Lambertian Facet. Consider a Lambertian facet that is fully illuminated ↼no shad owing↽ and is completely visible ↼no masking↽ from the sensor direction▷ The radiance of the facet is proportional to its irradi ance and is equal to^ρ_π E(θa, ϕa). The irradiance of the facet is E(θa, ϕa) = E0< ψs, ψa> where E0 is the irradiance when the facet is illuminated headon ↼i▷e▷ ψs / ψa↽ and < , > denotes the dot product between two vectors▷ Using the deαnition of radiance the βux reβected by the facet in the sensor direction is obtained as. d2F r =^ρ_π E0< ψs, ψa> < ψv, ψa> da dωr (9) Substituting the above refiected fiux in (7), we get: Lrp(θa, ϕa) = ρ π E0 < ψs, ψa >< ψv, ψa> < ψa, ψn >< ψv, ψn> ↼10↽ This expression clearly indicates that the projected radiance of a tilted Lambertian facet is not equal in all viewing directions▷ Con sequently a rough surface comprised of tilted Lambertian facets is nonLambertian, its radiance varies with the viewing direction▷ This phenomenonis observedeven in the absenceof masking shad owing and interreβection effects▷

4▷1▷1 Geometric Attenuation Factor If the surface is illuminated and viewed from the normal direction ↼ ψs / ψv / ψn↽ all facets are fully illuminated and visible▷ For larger angles of incidence and reβection however facets are shadowed and masked by adjacent facets ↼see Figure 6↽▷ In the case of shad owing a facet is only partially illuminated as the adjacent facet on the Vcavity casts a shadow on it▷ In the case of masking the facet is only partially visible to the sensor as its adjacent facet occludes it▷ Both these geometrical phenomena affect the projected radiance of the facet and hence must be taken into account▷ The result is a geometrical attenuation factor ↼GAF⇒ ⊔⟨⊣⊔ ↕⟩⌉∫ ⌊⌉⊔⊒⌉⌉\ ‡⌉∇≀ ⊣\⌈ ⊓\⟩⊔† ⇐⊣↕∫≀ ∫⌉⌉∪∋∞⊎ ∪∋⊎⇒↙ I⊔ ⟩∫ ⊔⟨⌉ ∇⌉⌈⊓⌋⊔⟩≀\ ⟩\ ⊔⟨⌉ √∇≀|⌉⌋⊔⌉⌈ ∇⊣⌈⟩⊣\⌋⌉ ≀{ ⊣ {⊣⌋⌉⊔ ⌈⊓⌉ ⊔≀ ⇕⊣∫‖⟩\} ⊣\⌈ ∫⟨⊣⌈≀⊒⟩\} ⌉{{⌉⌋⊔∫∅ ⟩⊔ ⌉∐⊓⊣↕∫ ⊔⟨⌉ ∇⊣⊔⟩≀ ≀{ ⊔⟨⌉ {⊣⌋⌉⊔ ⊣∇⌉⊣ ⊔⟨⊣⊔ ⟩∫ ⌊≀⊔⟨ ⊑⟩∫⟩⌊↕⌉ ⊣\⌈ ⟩↕↕⊓⇕⟩\⊣⊔⌉⌈⇔ ⊔≀ ⊔⟨⌉ ⊔≀⊔⊣↕ {⊣⌋⌉⊔ ⊣∇⌉⊣↙ T⟨⌉ ⌈⌉⊔⊣⟩↕∫ ≀{ ⊔⟨⌉ ⌈⌉∇⟩⊑⊣⊔⟩≀\ ≀{ ⊔⟨⌉ GAF⊣∇⌉ }⟩⊑⌉\ ⟩\ ⊣√√⌉\⌈⟩§ A T⟨⌉ ⊘\⊣↕ ∇⌉∫⊓↕⊔ ⌋⊣\ ⌊⌉ ⌋≀⇕√⊣⌋⊔↕† ∇⌉√∇⌉∫⌉\⊔⌉⌈ ⊣∫¬ ⇐∞∞⇒ GAF = Min [ , Max [ , 2< ψs, ψn>< ψa, ψn > < ψs, ψa> , 2< ψv, ψn>< ψa, ψn > < ψv, ψa> ]]

⋂[~ ∐^}~ GAF ⟩∫ ⊑⊣↕⟩⌈ {≀∇ ⊣\† {⊣⌋⌉⊔ \≀∇⇕⊣↕⇔ ←a not necessarily the bisector of the angle between the source and the sensor direction▷

↼a↽ ↼b↽ Figure 6. ↼a↽ Shadowing and ↼b↽ masking in a Vcavity▷ Projected Radiance and GAF¬ T⟨⌉ √∇≀|⌉⌋⊔⌉⌈ ∇⊣⌈⟩⊣\⌋⌉ ≀{ ⊣ L⊣⇕⌊⌉∇⊔⟩⊣\ {⊣⌋⌉⊔ ⟩∫ ≀⌊⊔⊣⟩\⌉⌈ ⌊† ∫⟩⇕√↕† ⇕⊓↕⊔⟩√↕†⟩\} ⊔⟨⌉ }⌉≀⇕⌉⊔∇⟩⌋ ⊣⊔⊔⌉\⊓⊣⊔⟩≀\ {⊣⌋⊔≀∇ ⊒⟩⊔⟨ ⊔⟨⌉ √∇≀↖ |⌉⌋⊔⌉⌈ ∇⊣⌈⟩⊣\⌋⌉ ⇐∞′⇒ ⌈⌉∇⟩⊑⌉⌈ ⊓\⌈⌉∇ ⊔⟨⌉ ⊣∫∫⊓⇕√⊔⟩≀\ ≀{ \≀ ⇕⊣∫‖⟩\} ⊣\⌈ ∫⟨⊣⌈≀⊒⟩\}↙ T⊣⌊↕⌉ ∞ ⌈⌉⊔⊣⟩↕∫ ⊔⟨⌉ GAF ⊣\⌈ ⊔⟨⌉ ⌋≀∇∇⌉∫√≀\⌈⟩\} √∇≀|⌉⌋⊔⌉⌈ ∇⊣⌈⟩⊣\⌋⌉ {≀∇ ⊣↕↕ ⌋⊣∫⌉∫ ≀{ ∫⟨⊣⌈≀⊒⟩\} ⊣\⌈ ⇕⊣∫‖⟩\}↙ N≀⊔⌉ ⊔⟨⊣⊔ ⊔⟨⌉ √∇≀|⌉⌋⊔⌉⌈ ∇⊣⌈⟩⊣\⌋⌉ ⟩∫ ⌈⌉\≀⊔⌉⌈ ⊣∫ L1_{rp}, the superscript is used to indicate that the radiance is due to direct illumination by the source▷ In the next section we will use L 2rp to denote radiance due to interreβections▷

4▷1▷2 Interreβection Factor In our reβectance model we also account for interreβections, light rays bouncing between adjacent facets▷ These effects are signiα cant for rough surfaces with relatively high albedo values▷ When the surface is illuminated from large angles ↼θ i↽ and viewed from the opposite side at large angles ↼θ r ↽ none of the facets that are vis ible to the sensor are illuminated by the source▷ If interreβections are not considered the radiance of the surface would be zero in this case▷ However the visible facets receive light from their adjacent facets that face the source and hence are illuminated▷ These inter reβections result in nonzero surface radiance▷ Our analysis and experimental results suggest that the contribution due to interreβec tions can be signiαcant and cannot in general be ignored▷ We have the task of modeling interreβections in the presence of masking and shadowing effects▷ In the case of Lambertian surfaces the energy in an incident light ray diminishes rapidly with each interreβection bounce▷ Therefore we model only twobounce interreβections and ignore subsequent bounces▷ Simulations of the interreβection process were used to verify that this approximation is good▷ In the following discussion we refer to surface radiance due to direct illumination by the source as L 1r and radiance due to inter reβections as L 2r ▷ We will use the same superscripts for projected radiance▷ The twobounce interreβection component for a Lamber tian facet can be expressed as ♭29 ♯ ♭ 18 ♯ ♭ 9 ♯ ♭ 22 ♯. L2_r(⃗x) = ρ π ∫ ∫ K(⃗x, ⃗y)L1_r(⃗y)d⃗y (12) where⃗x is a point on the facet whose interre�ection component is determined as an integral of the radiance of all points⃗y on the adjacentfacet. K(⃗x, ⃗y) is the kernel and represents the geometrical

relationship between⃗x and⃗y. Since the V-cavity is long compared

to its width, it can be viewed as a one-dimensional shapewith translational symmetry. For such shapes, the interre�ection component can be determined as an integral over the one-dimensional crosssection of the shape. The above interre�ection equation is therefore reduced to:

L2_r (x) = ρ π ∫ K^′(x, y)L1_r (y)dy (13) where x and y are the shortest distances of points⃗x and⃗y from the intersection of the two facets (see Figure 7). K^′ ⟩∫ ⊔⟨⌉ ‖⌉∇\⌉↕ {≀∇ ⊔⟨⌉ ⊔∇⊣\∫↕⊣⊔⟩≀\⊣↕ ∫†⇕⇕⌉⊔∇† ⌋⊣∫⌉ ⊣\⌈ ⟩∫ ⌈⌉∇⟩⊑⌉⌈ ⟩\ ∪∞ ̸⊎ ⊣\⌈ ∪ ∃ ⊎ ⊔≀ ⌊⌉¬ K^′(x, y) = π sin2(2θa) 2 xy (x2+ 2xy cos (2θa) + y2)3^{/2} (14)

We know that the normal of the considered facet is a = (θa, ϕa)

Figure 7: Interrefiections in a V-cavity.

and the normal of the adjacent facet is a^′ = (θa, ϕa + π). The limits of the integral in the interrefiection equation are determined by the masking and shadowing of these facets. As before, let mv be the width of the facet which is visible to the viewer▷ Let m s be the width of the adjacent facet that is illuminated▷ As in Section 4▷1▷1 expressions can be obtained for the visible and illuminated sections. mv w = Max [ , Min [ , −< ψa^′, ψv > < ψa, ψv > ]] {} m^s w = Max [ , Min [ , − < ψa, ψs> < ψa^′, ψs > ]] {} ⨆√}⌉ [~ ^~⟩{]]}{ }~ √√}⌊~^~^ √∐^]∐{^~ {} ∐{^ ~√√~√√]}{ {} ~ [∐~ L2_{rp} = l< ψa, ψv > da < ψa, ψn> < ψv, ψn> ∫_w x=m_v L2_r (x) dx = (17) ( ρ π )2E0 l < ψa^′, ψs>< ψa, ψv > da < ψa, ψn> < ψv, ψn> ∫_w x=m_v ∫_w y=m^s K^′(x, y)dy dx

GAF L1_{rp}(θa, ϕa) No Masking^ρ_π E0< ψs, ψa>< ψv, ψa > < ψa, ψn >< ψv, ψn>= or 1^ρ_π E0cos θi cos θ a ( + tan θi tan θa cos (ϕ i − ϕa) ) ⋃[∐^}]{~ ( + tan θr tan θa cos (ϕ r − ϕa) ) ⨁∐√⌋]{~ < ψv, ψn>< ψa, ψn > < ψv, ψa > ρ π E02< ψs, ψa> = ρ π E0cos θi cos θ a 2 ( + tan θi tan θa cos (ϕ i − ϕa) ) ⋃[∐^}]{~ < ψs, ψn>< ψa, ψn > < ψs, ψa > ρ π E02< ψs, ψn >< ψv, ψa> < ψv, ψn> = ρ π E0cos θi cos θ a 2 ( + tan θr tan θa cos (ϕ r − ϕa) )

⋂∐^⌈~ ∑√}⌊~^~^ √∐^]∐{^~ }~ ∐ ~∐^~ ~}√ ^]~~~√~{ ⌉∐√⌋]{~\√[∐^}]{~^}{^]]}{√/ ⊎√]{~ [~ ~}⌈⌈}]{~ ^[∐{~~ }~ ∐√]∐^⌈~√ t =^x_w , r =^y_w the radiance due to twobounce interreβections given by ↼17↽ can be written as. ↼18↽ L2_{rp} = ( ρ π )2E0 < ψa^′, ψs>< ψa, ψv > < ψa, ψn >< ψv, ψn> ∫ t=^{mv}_w ∫ r=^{ms}_w K^′(t, r)dr dt Using ↼14↽ the above integral is evaluated as. ∫ t=^{mv}_w ∫ r=^{ms}_w K^′(r, t)dr dt = (19) π 2 [ d(1, mv w ) + d(1, m^s w ) − d( m^s w , mv w ) − d(1, 1) ]

[~√~ d(x, y) = √ x2+ 2xy cos (2θa) + y2 ↼20↽ We refer to the right hand side of equation ↼19↽ as the interreβection factor ↼IF⇒↙ T⟨⌉ ⊔≀⊔⊣↕ √∇≀|⌉⌋⊔⌉⌈ ∇⊣⌈⟩⊣\⌋⌉ ≀{ ⊔⟨⌉ {⊣⌋⌉⊔ ⟩∫ ⊔⟨⌉ ∫⊓⇕ ≀{ ⊔⟨⌉ √∇≀|⌉⌋⊔⌉⌈ ∇⊣⌈⟩⊣\⌋⌉ ⌈⊓⌉ ⊔≀ ∫≀⊓∇⌋⌉ ⟩↕↕⊓⇕⟩\⊣⊔⟩≀\ ⇐}⟩⊑⌉\ ⟩\ T⊣⌊↕⌉ ∞⇒ ⊣\⌈ ⊔⟨⌉ ⊣⌊≀⊑⌉ ⟩\⊔⌉∇∇⌉⊙⌉⌋⊔⟩≀\ ⌋≀⇕√≀\⌉\⊔¬ Lrp(θa, ϕa) = L1_{rp}(θa, ϕa) + L2_{rp}(θa, ϕa) (21) The uni-directional single-slope surface we have considered in this section has only two types of facets with normals (θa, ϕa) and (θa, ϕa + π). Hence, the radiance of the surface for any given source direction and sensor direction is simply the average of the projected radiances of the two facet types: Lr(θr, ϕr , θi, ϕi, θa, ϕa) = Lrp(θa, ϕa) + Lrp(θa, ϕa + π) 2 (22)

4.2 Model for Isotropic Single-Slope Distribution We now consider a surface with V-cavities that have facets with the same slope (θa), but uniformly distributed in orientation (ϕa) in the plane of the surface. The result is a surface with isotropic roughness. The refiectance model derived for this surface is based on the results obtained in the previous section for the single-slope surface. The results obtained in this section are important as they can be used to derive a refiectance model for any isotropic surface.

From the previous section, we know the radiance L1_{rp}(θa, ϕa) of a facet with normal a = (θa, ϕa). Therefore, the radiance of the single-slope isotropic surface due to direct source illumination is determined as an integral of the projected radiance over ϕa. L1_{rp}(θa) = 1 2π ∫ _π ϕ_a =0 L1_{rp}(θa, ϕa)dϕa ↼23↽

Given source direction (θ i, ϕi) and sensor direction (θr, ϕr), we ffrst need to ffnd the ranges of facet orientation ϕa for which the facets are masked shadowed masked and shadowed and neither masked nor shadowed 5▷ The radiance for each range is given in Ta ble 1▷ The problem then is to decompose the above integral into dif ferent parts each corresponding to a different masking◁shadowing range▷ We refer the interested reader to Appendix B▷1 for details on the evaluation of integral ↼23↽▷ The αnal expression for surface radiance is found to be. L1_{rp}(θa) =^ρ_π E0cos θi cos θ a [ + (24) cos (ϕr − ϕi) ( A1(α, θa) tan β + A2(β, ϕr − ϕi, θa) ) + (1 − |⌋≀∫ (ϕr − ϕi)|)A3(θr, θi, θa) ]

[~√~/ α = Max[θi, θr ] and β = Min[θi, θr]. The expressions for the coefffcients A1 A2 and A3are given in Appendix B▷1▷ Note that the above projected radiance is the same as the total radiance of the surface ↼L1_r (θr, θi, ϕr − ϕi, θa) = L1_{rp}(θa)) since all facets on the surface have identical slope, θa▷ The derivation in Appendix B▷1 does not consider multiple reβections as the interreβection compo nent ↼19↽ is difαcult to intergrate over all cavity orientations ϕ a▷ In Appendix B▷2 an approximation to the interreβection component ↼L2_r(θr , θi, ϕr − ϕi, θa) = L2_{rp}(θa)) is given. Once again, it is important to note that the radiance of the rough surface considered here is not constant with respect to the viewing direction (θr, ϕr); it is non-Lambertian. We will study this behavior more closely in the following section.

4.3 Model for Gaussian Slope-Area Distribution The surface consideredabove consists of V-cavities with equal facet slope. Realistic surfaces can be modeled only if the slope-area distribution P (θa, ϕa) includes a variety of different facet slopes. If the surface roughness is isotropic, the slope-area distribution can be described using a single parameter namely θa since the facets are uniformly distributed in ϕ a▷ The radiance of any isotropic surface can therefore be determined as. Lr(θr , θi, ϕr − ϕi) = ∫ π_2 0 P (θa)Lrp(θa) sin θa dθa ↼25↽ where the source illumination ↼no interreβection↽ component of Lrp(θa) is given by (24). We assume the isotropic distribution to be Gaussian with mean μ and standard deviation σ i▷e▷ P (θa, σ, μ). 5Imagine a V-cavity rotated about the global surface normal for any given source and sensor direction. Various masking/shadowingscenarios can be visualized.

Reasonably rough surfaces can be described using a zero mean (μ = 0) Gaussian distribution:

P (θa) = c e^{− θ} 2 a 2σ2 ↼26↽

where the normalization constant c is. 1/c = ∫^π_2 θ_a=0 ∫ _π ϕ_a=0 e^{− θ} 2 a 2σ2 sin θ a dϕa dθa

The reβectance model is to be obtained by substituting the radiance L 1rp(θa) given by (24) and the Gaussian distribution

P (θa, σ, 0) in integral (25). The resulting integral cannot be easily evaluated. Therefore, we pursued a functional approximation to the integral that is accurate for arbitrary surface roughnessand angles of incidence and refiection. In deriving this approximation, we carefully studied the functional form of L1_{rp}(θa) given by (24). This enabled us to identify basis functions that can be used in the approximation. Then, we conducted a large set of numerical evaluations of the integral in (25) by varying surface roughness σ the angles of incidence (θi, ϕi) and refiection (θr, ϕr). These simulations and the identiffed basis functions were used to arrive at an accurate functional approximation for surface radiance. This procedure was applied independently to the direct illumination component as well as the interrefiection component.

The ffnal approximation results are given below. Once again, let α = Max[θr, θi] and β = Min[θr , θi]. The direct illumination component of radiance of a surface with roughness σ is. L1_r(θr , θ_i, ϕr − ϕ_i, σ) =^ρ_π E0cos θ_i [ C1(σ) + (27) cos (ϕr − ϕi)C2(α, β, ϕr − ϕi, σ) tan β + ( − | ⌋≀∫ (ϕr − ϕi)| ) C3(α, β, σ) tan ( α_+ β 2 )]

[~√~ [~ ^}~~⟩^]~{√ ∐√~ C1 = 1 − ′.5 σ2 σ2+ 0.33 C2 = .45^{σ2}_{σ2+0.09} sin α if cos (ϕr − ϕi) ≥ ′ ′.45^{σ2}_{σ2+0.09} ( √]{ α − (^{2β}_π )^3 ) }[~√]√~ C3 = 0.125 ( σ2 σ2+ 0.09 )( αβ π2 )

⊎√]{~ ∐ √]⌉]⌈∐√ ∐√√√}∐^[/ ∐{ ∐√√√}]⌉∐]}{ } [~ ]{~√√~|~^]}{ ^}⌉√}{~{ ∐√ ∐⌈√} ^~√]~^/ ∮{ []√ ^∐√~/ [~ ]{~√√~|~^]}{ ^}⌉\ √}{~{ ~}√ [~ √]{~⌈~\√⌈}√~ ]√}√}√]^ √√~∐^~ {√√~{^] /} ∐√ √~^ } ~~√√ [~ ^∐√]√ ~{^]}{√/ ⋂[~ ⟩{∐⌈ ∐√√√}]⌉∐]}{ } [~ ]{~√√~|~^]}{ ^}⌉√}{~{ }~ √∐^]∐{^~ ~}√ ∐ √√~∐^~ ][ √}~[{~√√ σ is. L2_r(θr , θi, ϕr − ϕi, σ) = (28) 0.17 ρ2 π E0cos θi σ2 σ2+ 0.13 [ − ⌋≀∫ (ϕr − ϕi) ( β π )]

⋂[~ } ^}⌉√}{~{√ ∐√~ ^}⌉^]{~^ } }^∐]{ [~ }∐⌈ √√~∐^~ √∐^]\ ∐{^~ Lr (θr, θi, ϕr − ϕi, σ) = (29) L1_r (θr, θi, ϕr − ϕi, σ) + L2_r(θr , θi, ϕr − ϕi, σ)

If the surface is extremely rough, causing the zero-mean Gaussian model to be an inaccurate approximation, an additional parameter can be used to weight the interrefiection component. Our simulations show that this enables the model to stretch a bit beyond its theoretical limits. Finally, the BRDF of the surface is obtained from its radiance and irradiance as fr(θr , θi, ϕr − ϕi, σ) = Lr(θr, θi, ϕr − ϕi, σ) / E0cos θi▷ It is important to note that the above model obeys Helmholtzφs reciprocity principle ↼see ♭2 ♯↽▷ Also note that the model reduces to the Lambertian model 6 when σ = 0. Note that by substituting the albedo as function of the wavelength, ρ(λ), the dependency of the model on the wavelength comes out explicitly.

In the next section, we present several experimental results that verify the derived refiectance model. Here, we give a brief illustration of the main characteristics of the model. Figure 8 shows the refiectance predicted by the model for a very rough surface with σ = 30^∘ ⊣\⌈ ρ = 0.9▷ The radiance Lr in the plane of incidence (ϕr = ϕi, ϕi + π) is plotted as a function of the refiection angle θr for incidence angle θ i = 75^∘↙ T⊒≀ ⌋⊓∇⊑⌉∫ ⊣∇⌉ ∫⟨≀⊒\ ⟩\ ⊔⟨⌉ ⊘}⊓∇⌉⇔ ⌊≀⊔⟨ ≀⌊⊔⊣⟩\⌉⌈ ⌊† \⊓⇕⌉∇⟩⌋⊣↕ ⌉⊑⊣↕⊓⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⟩\⊔⌉}∇⊣↕ ⟩\ ⇐∈▽⇒↙ S⟨≀∇⊔↕†⇔ ⊒⌉ ∫⟨⊣↕↕ ⌉§⊣⇕⟩\⌉ ⊔⟨⌉ ⊣⌋⌋⊓∇⊣⌋† ≀{ ⊔⟨⌉ {⊓\⌋⊔⟩≀\⊣↕ ⊣√√∇≀§⟩⇕⊣⊔⟩≀\↙ T⟨⌉ ⊘∇∫⊔ ⌋⊓∇⊑⌉ ⇐∫≀↕⟩⌈ ↕⟩\⌉⇒ ⟩\⌋↕⊓⌈⌉∫ ⌊≀⊔⟨ ⌈⟩∇⌉⌋⊔ ⟩↕↕⊓⇕⟩\⊣⊔⟩≀\ ⊣\⌈ ⟩\⊔⌉∇∇⌉⊙⌉⌋⊔⟩≀\ ⌋≀⇕√≀\⌉\⊔∫ ≀{ ∇⊣⌈⟩⊣\⌋⌉⇔ ⊒⟨⟩↕⌉ ⊔⟨⌉ ∫⌉⌋≀\⌈ ⇐⊔⟨⟩\ ↕⟩\⌉⇒ ⟩∫ ≀\↕† ⊔⟨⌉ ⌈⟩∇⌉⌋⊔ ⟩↕↕⊓⇕⟩\⊣⊔⟩≀\ ⌋≀⇕√≀\⌉\⊔↙ N≀⊔⟩⌋⌉ ⊔⟨⊣⊔ ⊔⟨⌉∫⌉

F⟩}⊓∇⌉ ∀¬ D⟩{{⊓∫⌉ ∇⌉⊙⌉⌋⊔⊣\⌋⌉ ⟩\ ⊔⟨⌉ √↕⊣\⌉ ≀{ ⟩\⌋⟩⌈⌉\⌋⌉ {≀∇ ⊣ ∫⊓∇{⊣⌋⌉ ⊒⟩⊔⟨ σ = 30^∘⇔ ρ = 0.90 and incidence angle θ_i = 75^∘↙ T⟨⌉ ⊔⟨⟩\ ↕⟩\⌉ ⟩∫ ∇⊣⌈⟩⊣\⌋⌉ ⌈⊓⌉ ⊔≀ ⌈⟩∇⌉⌋⊔ ⟩↕↕⊓⇕⟩\⊣⊔⟩≀\ ⇐⊒⟩⊔⟨≀⊓⊔ ⟩\⊔⌉∇∇⌉⊙⌉⌋⊔⟩≀\∫⇒↙ ∇⊣⌈⟩⊣\⌋⌉ √↕≀⊔∫ ⌈⌉⊑⟩⊣⊔⌉ ∫⊓⌊∫⊔⊣\⊔⟩⊣↕↕† {∇≀⇕ L⊣⇕⌊⌉∇⊔⟩⊣\ ∇⌉⊙⌉⌋⊔⊣\⌋⌉↙ S⊓∇{⊣⌋⌉ ∇⊣⌈⟩⊣\⌋⌉ ⟩\⌋∇⌉⊣∫⌉∫ ⊣∫ ⊔⟨⌉ ⊑⟩⌉⊒⟩\} ⌈⟩∇⌉⌋⊔⟩≀\ ⊣√√∇≀⊣⌋⟨⌉∫ ⊔⟨⌉ ∫≀⊓∇⌋⌉ ⌈⟩∇⌉⌋⊔⟩≀\↙ T⟨⌉ ⌋⊓∇⊑⌉∫ ⌋⊣\ ⌊⌉ ⌈⟩⊑⟩⌈⌉⌈ ⟩\⊔≀ ⊔⟨∇⌉⌉ ∫⌉⌋⊔⟩≀\∫↙ I\ ⊔⟨⌉ ⌊⊣⌋‖⊒⊣∇⌈ ⇐∫≀⊓∇⌋⌉⇒ ⌈⟩∇⌉⌋⊔⟩≀\⇔ ⊔⟨⌉ ∇⊣⌈⟩⊣\⌋⌉ ⟩∫ ⇕⊣§⟩⇕⊓⇕ ⊣\⌈ }⌉⊔∫ ⊖⌋⊓⊔↖≀{{⪰ ⌈⊓⌉ ⊔≀ ∫⊔∇≀\} ⇕⊣∫‖⟩\} ⌉{{⌉⌋⊔∫ ⊒⟨⌉\ θ r exceeds θ i▷ This cutoff occurs exactly at θ r = θi and is independent of roughness▷ In the middle section of the plot radiance varies approximately as a scaled tan θ r function with constant offset▷ Finally inter reβections dominate in the forward direction where most facets are selfshadowed and the visible facets receive light primarily from adjacent facets▷ This is illustrated by the difference between the two curves▷ Figure 9 shows the effect of varying surface roughness▷ When σ = 0, the model predicts exactly Lambertian refiectance. The deviation from Lambertian behavior increases dramatically with roughness. In Figure 10, the effect of varying the incidence angle θi is shown▷ Here we have chosen to plot BRDF rather than ra diance to better illustrate the effect of varying θi▷ It is interesting 6When σ = 0, C1 = 1, C2 = 0, and C3 = 0, yielding L1_r = ρ_π E0cos θ_{i▷}

Figure 9. Effect of roughness σ on surface radiance ↼θ i = 75∘ ⊣\⌈ ρ = 0.9↽▷

Figure 10. BRDF for different angles of incidence▷ σ = 40^∘ ⊣\⌈ ρ = 0.9▷ to note that the model predicts nearLambertian behavior for very small incidence angles ↼θi ≈ ′⇒↙ T⟨⟩∫ ∇⌉∫⊓↕⊔∫ {∇≀⇕ ⌊≀⊔⟨ {⊣⌋⌉⊔∫ ≀{ ⊣ V↖⌋⊣⊑⟩⊔† ⟨⊣⊑⟩\} \⌉⊣∇↕† ⌉∐⊓⊣↕ ⟩∇∇⊣⌈⟩⊣\⌋⌉ {≀∇ ∫⇕⊣↕↕ ⊣\}↕⌉∫ ≀{ ⟩\⌋⟩⌈⌉\⌋⌉↙ A∫ ⊔⟨⌉ ⟩\⌋⟩⌈⌉\⌋⌉ ⊣\}↕⌉ ⟩\⌋∇⌉⊣∫⌉∫⇔ ⊔⟨⌉ ⌊⊣⌋‖∫⌋⊣⊔⊔⌉∇ √⟨⌉↖ \≀⇕⌉\≀\ ⌊⌉}⟩\∫ ⊔≀ ⌈≀⇕⟩\⊣⊔⌉↙ F⟩}⊓∇⌉ ∞∞ ∫⟨≀⊒∫ ⊔⟨⌉ ⌉{{⌉⌋⊔ ≀{ √↕⊣⌋⟩\} ⊔⟨⌉ ∫⌉\∫≀∇ ≀⊓⊔∫⟩⌈⌉ ⊔⟨⌉ √↕⊣\⌉ ≀{ ⟩\⌋⟩⌈⌉\⌋⌉↙ W⟨⌉\ ⊔⟨⌉ ∫⌉\∫≀∇↖\≀∇⇕⊣↕ √↕⊣\⌉ ⟩∫ √⌉∇√⌉\⌈⟩⌋⊓↕⊣∇ ⊔≀ ⊔⟨⌉ ∫≀⊓∇⌋⌉↖\≀∇⇕⊣↕ √↕⊣\⌉⇔ ⊔⟨⌉ ∇≀⊓}⟨ ∫⊓∇{⊣⌋⌉ ⊣}⊣⟩\ ⌉§⟨⟩⌊⟩⊔∫ \⌉⊣∇↖L⊣⇕⌊⌉∇⊔⟩⊣\ ⌋⟨⊣∇⊣⌋⊔⌉∇⟩∫⊔⟩⌋∫↙ F⟩}⊓∇⌉ ∞∈ ∫⟨≀⊒∫ ⌋≀⇕√⊣∇⟩∫≀\∫ ⌊⌉⊔⊒⌉⌉\ ∇⊣⌈⟩⊣\⌋⌉ ⊑⊣↕⊓⌉∫ ⌋≀⇕↖ √⊓⊔⌉⌈ ⌊† \⊓⇕⌉∇⟩⌋⊣↕ ⌉⊑⊣↕⊓⊣⊔⟩≀\ ≀{ ⇐∈▽⇒ ⇐⊔⟨⟩⌋‖ ↕⟩\⌉⇒ ⊣\⌈ ⊔⟨⌉ {⊓\⌋⊔⟩≀\⊣↕ ⊣√√∇≀§⟩⇕⊣⊔⟩≀\ ⇐⊔⟨⟩\ ↕⟩\⌉⇒ }⟩⊑⌉\ ⌊† ⇐∈⇒ ⊣\⌈ ⇐∈∀⇒↙ O\⌋⌉ ⊣}⊣⟩\⇔ ∇⊣⌈⟩↖ ⊣\⌋⌉ ⟩∫ ⇕⌉⊣∫⊓∇⌉⌈ ⟩\ ⊔⟨⌉ √↕⊣\⌉ ≀{ ⟩\⌋⟩⌈⌉\⌋⌉ (ϕr = ϕi, ϕi + π). In all cases, the functional approximation proves to be very accurate.

4.4 Qualitative Model

In this section, we propose a further simpliffcation to the refiectance model presented in the previous section. In order to obtain this simpliffcation, a slight sacriffce in accuracy must be made. In return, some computations can be saved during image rendering. The following simpliffed model was arrived at by studying, through numerous simulations, the relative signiffcance of various terms in the functional approximation given by (27). The simulations showed that coefffcient C3makes a relatively small contribution to the total radiance▷ A simpler model is thus obtained by discarding C3and ignoring interreβections. Lr(θr, θi, ϕr − ϕi, σ) = (30)

Figure 11: Radiance outside the plane of incidence. σ = 40^∘ ⊣\⌈ ρ = 0.9▷ ρ π E0cos θi(A + BMax [ , cos (ϕr − ϕi) ] √]{ α tan β) A = 1.0 − ′.5 σ2 σ2+ 0.33 B = 0.45 σ2 σ2+ 0.09 The two coeffcients A and B are obtained directly from C1and C2 respectively▷ Note that the qualitative model also reduces to the Lambertian model when σ = 0. In Figure 13, we have compared the qualitative model with the numerical evaluation of the model7. This model can be of signiffcant practical value in applications where high accuracy is not critical.

5 Experimental Veriffcation

We have conducted several experiments to verify the accuracy of the refiectance model. The experimental set-up used to measure the radiance of samples is shown in Figure 14. In the case of outdoor scenes,each sensor element (pixel) typically includes a large surface area (several inches in dimensions and often more). Commercially available refiectance measurement devices are applicable only to small samples. Consequently, we developed our own measurement device. Each sample is approximately 2×∈ ⟩\⌋⟨⌉∫↙ I⊔ ⟩∫ ⟩⇕⊣}⌉⌈ ⊓∫⟩\} ⊣ ▽∞∈×△∀′ √⟩§⌉↕ CCD ⌋⊣⇕⌉∇⊣ ⊔⟨⊣⊔ ⟩∫ ⇕≀⊓\⊔⌉⌈ ⊣⊔ ⊔⟨⌉ ⌉\⌈ ≀{ ⊣ ̸{≀≀⊔ ↕≀\} ⌊⌉⊣⇕↙ T⟨⌉ ≀⊔⟨⌉∇ ⌉\⌈ ≀{ ⊔⟨⌉ ⌊⌉⊣⇕ ⟩∫ ⊣⊔⊔⊣⌋⟨⌉⌈ ⊔≀ ⊣ ∇≀⊔⊣∇† ∫⊔⊣}⌉ ⊔≀ {⊣⌋⟩↕⟩⊔⊣⊔⌉ √∇⌉⌋⟩∫⌉ ⊑⊣∇⟩⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⊑⟩⌉⊒⟩\} ⊣\}↕⌉ θr▷ The sample is illuminated using a 300 Watt incandescent light source▷ The solid angles subtended by the sensor and source from the sample are approximately dω i = 0.003 steradians and dωr = 0.0009 steradians respectively▷ The illumination direction ↼θi, ϕi↽ is adjusted manually▷ Images of the sample are digitized and the radiance is computed as the average brightness over all pixels within an image window that lies on the sample▷ The image window size is varied as a function of sensor direction to ensure that the same area on the sample is always used▷ Figure 15 shows results obtained for a sample of wall plas ter▷ The sample has matte local reβectance properties but is very rough, it is exactly the type of surface that our reβectance model characterizes▷ Reβectance is represented by the normalized radi ance L r(θr )/Lr(0) where Lr(0) is the radiance measured when

the sample is viewed from the normal direction. The normalized 7Discrepanciescausedbythe lackof theinterrefiectioncomponentinthe qualitative model can be partially compensated by replacing the constant 0.33 in coefαcient A with 0.57▷

↼a↽ θ i = 0^∘ ⇐⌊⇒ θ i = 45^∘

⇐⌋⇒ θ i = 60^∘ ⇐⌈⇒ θ i = 85^∘ F⟩}⊓∇⌉ ∞∈¬ C≀⇕√⊣∇⟩∫≀\ ⌊⌉⊔⊒⌉⌉\ \⊓⇕⌉∇⟩⌋⊣↕ ⌉⊑⊣↕⊓⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⇕≀⌈⌉↕ ⇐⊔⟨⟩⌋‖ ↕⟩\⌉⇒ ⊣\⌈ {⊓\⌋⊔⟩≀\⊣↕ ⊣√√∇≀§⟩⇕⊣⊔⟩≀\ ⇐⊔⟨⟩\ ↕⟩\⌉⇒ {≀∇ ⊣ ∫⊓∇{⊣⌋⌉ ⊒⟩⊔⟨ σ = 30 ∘ ⊣\⌈ ρ = 0.90▷

radiance is also equal to the normalized BRDF fr(θr)/fr(0). The radiance of each sample is plotted as a function of the sensor direc- tion θr for different angles of incidence θ i▷ These measurements are made in the plane of incidence ↼ϕ r = ϕi = 0). The dots represent measured radiance values while the solid lines are predictions obtained using the refiectance model for Gaussian surface roughness. In these initial experiments, σ was empirically selected to obtain the best match between measured and predicted reβectance▷ Here we have used the numerical evaluation of the model ↼equation 25↽▷ This was done to demonstrate not only the accuracy of the model but also the validity of all assumptions made while developing the model▷ Similar results are presented in Figures 16 and 17 for sample B ↼painted sand paper↽ and sample C ↼white sand↽▷ For all three sam ples radiance increases as the viewing direction θr approaches the source direction θ i ↼backward reβection↽▷ This is in contrast to the behavior of rough specular surfaces that reβect more in the forward direction or Lambertian surfaces where radiance does not vary with viewing direction▷ For all three samples the model predictions and experimental measurements match remarkably well▷ In all cases a small peak is noticed near the source direction▷ This phenomenon was discussed earlier in the paper and is different from the one de scribed by our model, it is the backscatter peak studied by several researchers ♭ 13 ♯ ♭ 24 ♯ ♭ 12 ♯ ♭ 19 ♯ ♭ 32 ♯ and discussed in the context of graphics rendering by ♭ 28 ♯▷ Some of the discrepancies between the model and measured data in the forward direction can be attributed to the long Vcavity assumption▷ In the case of sample C ↼sand↽ we see a small specular component in the forward direction▷ This is due to the specular characteristics of individual sand particles▷ In Figure 18 we have shown measurements obtained outside the plane of incidence (ϕ r ≠ 0) for sample C. These measurements are

a critical measure of the accuracy of any refiectance model but are seldom found in refiectance literature. Once again, the model and measured data are in strong agreement.

Figures 19 through 21 show results for samples that have not only a body refiectance component but also a signiffcant surface refiection component. These samples are included to show that surfaces with a surface refiection component can also exhibit the backscattering phenomenon that the new model describes. In these experiments, the refiectance model used is a linear combination of new model and the Torrance-Sparrow model[31] that describes the incoherent directional component of surface of refiection. We selected this model as it is based on exactly the same surface roughness assumptions (symmetric, long, V-cavities) as the present model. The radiance predicted by the model is:

L^s_r = F (n)GAF ⌋≀∫ θr cos θ a e^{− θ} 2 a 2σ2 ↼31↽

where F is the Fresnel reβection coefαcient and n is the refractive index of the surface medium▷ The cos θa in the denominator results from using the slopearea distribution instead of the facetnumber distribution ↼see Section 3↽▷ This model predicts a peak in the for ward direction ↼close to the specular direction↽ and the distribution of the reβected radiance gets wider with increase in surface rough ness σ▷ The total radiance is expressed as a linear combination of the body and surface components. Lr = kb L^b_r + ks L^s_r ↼32↽ where the body reβectance component L br is predicted by the model proposed in this paper▷ In these experiments we used the functional

↼a↽ ϕ r − ϕi = 0^∘

⇐⌊⇒ ϕ r − ϕi = 45^∘ F⟩}⊓∇⌉ ∞∋¬ C≀⇕√⊣∇⟩∫≀\ ⌊⌉⊔⊒⌉⌉\ \⊓⇕⌉∇⟩⌋⊣↕ ⌉⊑⊣↕⊓⊣⊔⟩≀\ ⇐⊔⟨⟩⌋‖ ↕⟩\⌉⇒ ⊣\⌈ ⊔⟨⌉ ∐⊓⊣↕⟩⊔⊣⊔⟩⊑⌉ ⇕≀⌈⌉↕ ⇐⊔⟨⟩\ ↕⟩\⌉⇒¬ ⇐⊣⇒ ⟩\ ⊔⟨⌉ √↕⊣\⌉ ≀{ ⟩\⌋⟩⌈⌉\⌋⌉ ⇐ϕ r − ϕi = 0∘⇒⇔ ⊣\⌈ ⇐⌊⇒ ≀⊓⊔∫⟩⌈⌉ ⊔⟨⌉ √↕⊣\⌉ ≀{ ⟩\⌋⟩⌈⌉\⌋⌉↙ I\ ⌊≀⊔⟨ ⌋⊣∫⌉∫⇔ σ = 30 ∘⇔ ρ = 0.90 and θ_i = 75^∘↙

⊣√√∇≀§⟩⇕⊣⊔⟩≀\ ⇐∈⇒ ⟩\∫⊔⌉⊣⌈ ≀{ ⊔⟨⌉ \⊓⇕⌉∇⟩⌋⊣↕ ⌉⊑⊣↕⊓⊣⊔⟩≀\ ≀{ ⟩\⊔⌉}∇⊣↕ ⇐∈▽⇒↙ M≀∇⌉≀⊑⌉∇⇔ ⊔⟨⌉ ∇⌉⊙⌉⌋⊔⊣\⌋⌉ √⊣∇⊣⇕⌉⊔⌉∇∫ σ ρ k b and k s were es timated by αtting ↼using nonlinear optimization↽ the above model to measured data▷ Since it is difαcult to obtain meaningful esti mates of n for the synthetic samples we have used the effect of the Fresnel coefαcient was ignored by assuming F = 1. Note that for all three samples, the proposed model does very well in describing the increase in radiance as the viewer approaches the source, as well as the cut-off in radiance that takes place in the source direction. This despite the fact that the three samples have roughness characteristics that differ from the V-cavity model. For the foam sample, the surface refiectance component (radiance increase in the forward direction) is described well by the Torrance-Sparrow model. The Torrance-Sparrow model does only reasonably well for the cloth towel and not very well for the wood-shaving sample. The main reason is the following: while the Gaussian roughness model appears explicitly in the Torrance-Sparrow model, it is integrated over all facet orientations in our case. As a result, our model is less sensitive to the actual surface roughness distribution than the Torrance-Sparrow model.

6 Implications for Graphics In this section, we describe the implications of the proposed model for realistic rendering. Figure 22(a) shows a real image of the rough cylindrical clay vase discussed in the introduction. Figure 22(b) shows a rendered image of the vase using the Lambertian model and its known geometry. Clearly, this rendered image does not match the real image of the vase. On the other hand, the appearance of the rendered vase using the proposed refiectance

(a) (b)

Figure 14: (a) Sketch and (b) photograph of the set-up used to measure refiectance.

model, shown in Figure 22(c), closely resembles the real vase. The model parameters ρ = 0.7 and σ = 40^∘ ⊒⌉∇⌉ ⌋⟨≀∫⌉\ ⌉⇕√⟩∇⟩⌋⊣↕↕† ⊔≀ ≀⌊⊔⊣⟩\ ⊔⟨⌉ ⌊⌉∫⊔ ⊘⊔ ⊔≀ ⊔⟨⌉ ⇕⌉⊣∫⊓∇⌉⌈ ⌊∇⟩}⟨⊔\⌉∫∫ ⊑⊣↕⊓⌉∫↙ F⟩}⊓∇⌉ ∈∋⇐⊣⇒ ⌋≀⇕√⊣∇⌉∫ ⌊∇⟩}⟨⊔\⌉∫∫ ⊑⊣↕⊓⌉∫ ⊣↕≀\} ⊔⟨⌉ ⌋∇≀∫∫↖∫⌉⌋⊔⟩≀\ ≀{ ⊔⟨⌉ ⊔⟨∇⌉⌉ ⌈⟩{{⌉∇⌉\⊔ ⊑⊣∫⌉ ⟩⇕⊣}⌉∫ ⟩\ F⟩}⊓∇⌉ ∈∈↙ I⊔ ⟩∫ ⟩\⊔⌉∇⌉∫⊔⟩\} ⊔≀ \≀⊔⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ⌊∇⟩}⟨⊔\⌉∫∫ ≀{ ⊔⟨⌉ ∇⌉⊣↕ ⊑⊣∫⌉ ∇⌉⇕⊣⟩\∫ \⌉⊣∇↕† ⌋≀\∫⊔⊣\⊔ ≀⊑⌉∇ ⇕≀∫⊔ ≀{ ⊔⟨⌉ ⌋∇≀∫∫↖∫⌉⌋⊔⟩≀\ ⊣\⌈ ⌈∇≀√∫ ∐⊓⟩⌋‖↕† ⊔≀ ‡⌉∇≀ ⊑⌉∇† ⌋↕≀∫⌉ ⊔≀ ⊔⟨⌉ ↕⟩⇕⌊∫↙ T⟨⌉ √∇≀√≀∫⌉⌈ ⇕≀⌈⌉↕ ⌈≀⌉∫ ⊑⌉∇† ⊒⌉↕↕ ⟩\ √∇⌉⌈⟩⌋⊔⟩\} ⊔⟨⟩∫ ⌊⌉⟨⊣⊑⟩≀∇⇔ ⊒⟨⟩↕⌉ ⊔⟨⌉ L⊣⇕⌊⌉∇⊔⟩⊣\ ⇕≀⌈⌉↕ √∇≀⌈⊓⌋⌉∫ ↕⊣∇}⌉ ⌊∇⟩}⟨⊔\⌉∫∫ ⌉∇∇≀∇∫↙ F⟩}⊓∇⌉ ∈∋⇐⌊⇒ ∫⟨≀⊒∫ ∫⟩⇕⟩↕⊣∇ √↕≀⊔∫ {≀∇ ⟩↕↕⊓⇕⟩\⊣⊔⟩≀\ {∇≀⇕ ∈′ ∘ ⊔≀ ⊔⟨⌉ ∇⟩}⟨⊔ ≀{ ⊔⟨⌉ ∫⌉\∫≀∇↙ I\ ⊔⟨⟩∫ ⌋⊣∫⌉⇔ ⌊∇⟩}⟨⊔\⌉∫∫ ⊑⊣∇⟩⊣⊔⟩≀\ ≀\ ⊔⟨⌉ ∇⌉⊣↕ ⊑⊣∫⌉ ⟩∫ ⊣∫†⇕⇕⌉⊔∇⟩⌋↙ O\⌋⌉ ⊣}⊣⟩\⇔ ⊔⟨⌉ √∇≀√≀∫⌉⌈ ⇕≀⌈⌉↕ ⌋↕≀∫⌉↕† ⇕⊣⊔⌋⟨⌉∫ ⊔⟨⌉ ∇⌉⊣↕ ⟩⇕⊣}⌉↙ H≀⊒⌉⊑⌉∇⇔ ⊔⟨⌉ L⊣⇕⌊⌉∇⊔⟩⊣\ ⇕≀⌈⌉↕ {≀∇⌋⌉∫ ⊔⟨⌉ ⌊∇⟩}⟨⊔\⌉∫∫ ⌋↕≀∫⌉ ⊔≀ ⊔⟨⌉ ∇⟩}⟨⊔ ↕⟩⇕⌊ ≀{ ⊔⟨⌉ ⊑⊣∫⌉ ⊔≀ ⌈∇≀√ ⇕⊓⌋⟨ {⊣∫⊔⌉∇ ⊔⟨⊣\ ⟩\ ⊔⟨⌉ ∇⌉⊣↕ ⟩⇕⊣}⌉↙ A∫ ⊣ ∇⌉∫⊓↕⊔⇔ ⊔⟨⌉ ⌊∇⟩}⟨⊔\⌉∫∫ √⌉⊣‖ √∇⌉⌈⟩⌋⊔⌉⌈ ⌊† ⊔⟨⌉ L⊣⇕⌊⌉∇⊔⟩⊣\ ⇕≀⌈⌉↕ ⟩∫ ∫⟩}\⟩⊘⌋⊣\⊔↕† ⊣⊒⊣† {∇≀⇕ ⊔⟨⌉ ⊣⌋⊔⊓⊣↕ √⌉⊣‖↙ T⟨⌉ {⊓\⌋⊔⟩≀\⊣↕ ⊣√√∇≀§⟩⇕⊣⊔⟩≀\⇔ }⟩⊑⌉\ ⌊† ⌉∐⊓⊣⊔⟩≀\ ⇐∈⇒⇔ ⊣\⌈ ⊔⟨⌉ ∐⊓⊣↕⟩⊔⊣⊔⟩⊑⌉ ⇕≀⌈⌉↕⇔ }⟩⊑⌉\ ⌊† ⇐∋′⇒⇔ ⊣∇⌉ ⌉⊣∫⟩↕† ⊓∫⌉⌈ {≀∇ ∇⌉⊣↕⟩∫⊔⟩⌋ ∇⌉\↖ ⌈⌉∇⟩\}↙ W⌉ ⟨⊣⊑⌉ ⟩⇕√↕⌉⇕⌉\⊔⌉⌈ ⊔⟨⌉ {⊓\⌋⊔⟩≀\⊣↕ ⊣√√∇≀§⟩⇕⊣⊔⟩≀\ ⊣∫ ⊣ ⊖∫⟨⊣⌈⌉∇⪰ ⊓∫⟩\} ⊔⟨⌉ R⌉\⌈⌉∇M⊣\ ∫⟨⊣⌈⟩\} ↕⊣\}⊓⊣}⌉ ∪∋∋ ⊎↙ T⟨⌉ ∇⌉\↖ ⌈⌉∇⌉⌈ ⊘}⊓∇⌉∫ ⊣∇⌉ √∇≀⊑⟩⌈⌉⌈ ⊣∫ ⊣⌈⌈⟩⊔⟩≀\⊣↕ ⊔⟩{{ ⊘↕⌉∫↙ T⟨⌉ ⊘∇∫⊔ ⟩⇕⊣}⌉ ⇐⟩\ ⊔⟨⌉ ⊘↕⌉ ⊖∫√⟨⌉∇⌉∫↙⊔⟩{⪰⇒ ∫⟨≀⊒∫ ∫√⟨⌉∇⌉∫ ∇⌉\⌈⌉∇⌉⌈ ⊓∫⟩\} ⊔⟨⌉ ∫⟨⊣⌈⌉∇↙ I\ ⊣↕↕ {≀⊓∇ ⌋⊣∫⌉∫⇔ ⊔⟨⌉ ∫√⟨⌉∇⌉ ⟩∫ ⟩↕↕⊓⇕⟩\⊣⊔⌉⌈ {∇≀⇕ ⊔⟨⌉ ⊑⟩⌉⊒⌉∇ ⌈⟩∇⌉⌋↖ ⊔⟩≀\↙ I\ ⊔⟨⌉ ⊘∇∫⊔ ⌋⊣∫⌉ ⇐⊔⟨⌉ ↕⌉{⊔⇕≀∫⊔ ∫√⟨⌉∇⌉⇒⇔ σ = 0 ∘⇔ ⊣\⌈ ⟨⌉\⌋⌉ ⊔⟨⌉ ∫√⟨⌉∇⌉ ⊣√√⌉⊣∇∫ L⊣⇕⌊⌉∇⊔⟩⊣\↙ T⟨⌉ ∇≀⊓}⟨\⌉∫∫ √⊣∇⊣⇕⌉⊔⌉∇∫ ≀{ ⊔⟨⌉ ≀⊔⟨⌉∇ ∫√⟨⌉∇⌉∫ ⊔≀ ∇⟩}⟨⊔ ⊣∇⌉¬ σ = 10 ∘⇔ σ = 20∘ ⊣\⌈ σ = 40 ∘⇔ ⟩\ ⊔⟨⊣⊔ ≀∇⌈⌉∇↙ A∫ ⊔⟨⌉ ∇≀⊓}⟨\⌉∫∫ ⟩\⌋∇⌉⊣∫⌉∫⇔ ⊔⟨⌉ ∫√⟨⌉∇⌉ ⌊⌉}⟩\∫ ⊔≀ ⊣√√⌉⊣∇ ⊙⊣⊔⊔⌉∇↙ I\ ⊔⟨⌉ ⌉§⊔∇⌉⇕⌉ ∇≀⊓}⟨\⌉∫∫ ⌋⊣∫⌉⇔ ⊣∫ ⟩\ ⊔⟨⌉ ∇⟩}⟨⊔⇕≀∫⊔ ∫√⟨⌉∇⌉⇔ ⊔⟨⌉ ∫√⟨⌉∇⌉ ⊣√√⌉⊣∇∫ ↕⟩‖⌉ ⊣ ⊙⊣⊔ ⌈⟩∫⌋ ⊒⟩⊔⟨ \⌉⊣∇ ⌋≀\∫⊔⊣\⊔ ⌊∇⟩}⟨⊔\⌉∫∫↙ T⟨⟩∫ √⟨⌉↖ \≀⇕⌉\≀\ ⟨⊣∫ ⌊⌉⌉\ ⊒⟩⌈⌉↕† ≀⌊∫⌉∇⊑⌉⌈ ⊣\⌈ ∇⌉√≀∇⊔⌉⌈ ⟩\ ⊔⟨⌉ ⌋⊣∫⌉ ≀{ ⊔⟨⌉ {⊓↕↕ ⇕≀≀\ ⇐ ∪ ∈ ̸⊎⇔∪ ∈∃ ⊎⇒↙ F⟩\⊣↕↕†⇔ ⊔⟨⌉ {≀⊓∇ ⟩⇕⊣}⌉∫ \⊣⇕⌉⌈ ⊖∫⌋⌉\⌉⪰ ⇐⟩\ ⊔⟨⌉ ⊘↕⌉∫ \⊣⇕⌉⌈¬ ⊖∫⌋⌉\⌉↙∞↙⊔⟩{⪰⇔. . . Ψscene▷4▷tifν↽ show rendered images of a scene with three matte objects a vase cylindrical block and a cube▷ In the αrst image ↼αle Ψscene▷1▷tifν↽ all three objects have zero macroscopic roughness i▷e▷ they are Lambertian▷ Illumination in this case is from the viewer direction▷ Note that the vase and the cylinder have strong brightness variations and the three visible faces of the cube have distinctly different brightness values▷ In the second image ↼αle Ψscene▷2▷tifν↽ the scene is again illuminated from the viewer direction but the three objects have roughness σ = 30^∘↙ C≀\∫⌉∐⊓⌉\⊔↕†⇔ ⊔⟨⌉ ∫⟨⊣⌈⟩\} ≀⊑⌉∇ ⊔⟨⌉ ⊑⊣∫⌉ ⊣\⌈ ⊔⟨⌉ ⌋†↕⟩\⌈⌉∇ ⟩∫ ⌈⟩⇕⟩\⟩∫⟨⌉⌈ ⌋≀\∫⟩⌈⌉∇⊣⌊↕†↙ F⊓∇⊔⟨⌉∇⇕≀∇⌉⇔ ⊔⟨⌉ ⌋≀\⊔∇⊣∫⊔ ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉ ⊙⊣⊔ ⊣\⌈ ⌋⊓∇⊑⌉⌈ ∫⌉⌋⊔⟩≀\∫ ≀{ ⊔⟨⌉ ⌋†↕⟩\⌈∇⟩⌋⊣↕ ⌊↕≀⌋‖ ⊣\⌈ ⊣↕∫≀ ⊔⟨⌉ ⌋≀\⊔∇⊣∫⊔ ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉ ⊔⟨∇⌉⌉ {⊣⌋⌉∫ ≀{ ⊔⟨⌉ ⌋⊓⌊⌉ ⊣∇⌉ ∇⌉⌈⊓⌋⌉⌈ ∫⊓⌊∫⊔⊣\⊔⟩⊣↕↕†↙ I⊔ ⟩∫ ⟩⇕√≀∇⊔⊣\⊔ ⊔≀ \≀⊔⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ⇕≀⌈⌉∇⊣⊔⌉ ∫⟨⊣⌈⟩\} ⟩∫ ⊣⌋⟨⟩⌉⊑⌉⌈ ⊒⟩⊔⟨≀⊓⊔ ⊣\† ⊣⇕⌊⟩⌉\⊔ ⌋≀⇕√≀\⌉\⊔ ⟩\ ⊔⟨⌉ ⟩↕↕⊓⇕⟩\⊣⊔⟩≀\⇔ ⌊⊓⊔ ∇⊣⊔⟨⌉∇ {∇≀⇕ ⇕≀⌈⌉↕⟩\} ≀{ ∇≀⊓}⟨\⌉∫∫ ⌉{{⌉⌋⊔∫↙ I\ ⊔⟨⌉ ⊔⟨⟩∇⌈ ⊣\⌈ ⊔⟨⌉ {≀⊓∇⊔⟨ ⟩⇕⊣}⌉∫ ⇐⊘↕⌉∫ ⊖∫⌋⌉\⌉↙∋↙⊔⟩{⪰ ⊣\⌈ ⊖∫⌋⌉\⌉↙△↙⊔⟩{⪰⇒⇔ ⊔⟨⌉ ⊔⟨∇⌉⌉ ≀⌊|⌉⌋⊔∫ ⟨⊣⊑⌉ ⊔⟨⌉ ∫⊣⇕⌉

W⊣↕↕ P↕⊣∫⊔⌉∇

F⟩}⊓∇⌉ ∞▽¬ R⌉⊙⌉⌋⊔⊣\⌋⌉ ⇕⌉⊣∫⊓∇⌉⇕⌉\⊔ ⊣\⌈ ∇⌉⊙⌉⌋⊔⊣\⌋⌉ ⇕≀⌈⌉↕ ⇐⊓∫⟩\} σ = 30∘⇔ ρ = 0.90↽ plots for wall plaster ↼sample A↽▷ Radiance is plotted as a function of sensor direction (θr ) for different angles of incidence (θi = 30∘, 45∘, 60∘).

Sand Paper

Figure 16: Re↓ectance measurement and re↓ectance model (using σ = 40∘⇔ ρ = 0.80↽ plots for painted sandpaper ↼sample B↽▷

Sand

Figure 17. Reβectance measurement and reβectance model ↼using σ = 35∘⇔ ρ = 0.80↽ plots for white sand ↼sample C↽▷

roughness values as in the αrst and second images respectively but the scene is illuminated from 20 degrees to the right of the viewing direction▷ Again shading differences are seen in the two images though less than when the scene is illuminated from the viewing direction▷ 7 Summary In conclusion we have developed a comprehensive model for body reβectance from surfaces with macroscopic roughness▷ A model was αrst derived for anisotropic surfaces that have facets with only one slope▷ This result was used to develop a model for isotropic surfaces with Gaussian slopearea distribution▷ We have also pre sented a qualitative model for diffuse reβection that has a simple functional form▷ Numerous experiments were conducted to ver ify the reβectance mechanism described in this paper▷ Real and rendered images of diffuse objects were compared to demonstrate that the proposed model has important implications for computer graphics▷

↼a↽

↼b↽ Figure 18. Reβectance measurement and reβectance model plots for sample C▷ These measurements were obtained for sensor directions outside the plane of incidence. ↼a↽ θi = 60^∘ ⊣\⌈ ϕ r = 45^∘ ∅ ⊣\⌈ ⇐⌊⇒ θ i = 75^∘ ⊣\⌈ ϕ r = 60^∘↙ A√√⌉\⌈⟩§

A D⌉∇⟩⊑⊣⊔⟩≀\ ≀{ ⊔⟨⌉ G⌉≀⇕⌉⊔∇⟩⌋ A⊔⊔⌉\⊓⊣⊔⟩≀\ F⊣⌋⊔≀∇

I\ ⊔⟨⟩∫ ⊣√√⌉\⌈⟩§ ⊒⌉ √∇⌉∫⌉\⊔ ⊔⟨⌉ ⌈⌉⊔⊣⟩↕∫ ≀{ ⊔⟨⌉ ⌈⌉∇⟩⊑⊣⊔⟩≀\ ≀{ ⊔⟨⌉ }⌉≀⇕⌉⊔∇⟩⌋ ⊣⊔⊔⌉\⊓⊣⊔⟩≀\ {⊣⌋⊔≀∇ {≀∇ ⊣∇⌊⟩⊔∇⊣∇† ∫≀⊓∇⌋⌉⇔ ⊑⟩⌉⊒⌉∇ ⊣\⌈ {⊣⌋⌉⊔ \≀∇⇕⊣↕ ⌈⟩∇⌉⌋⊔⟩≀\∫↙ GAF {≀∇ P⌉∇√⌉\⌈⟩⌋⊓↕⊣∇ V↖C⊣⊑⟩⊔⟩⌉∫¬ W⌉ ⊘∇∫⊔ ∇⌉∫⊔∇⟩⌋⊔ ≀⊓∇∫⌉↕⊑⌉∫ ⊔≀ V↖⌋⊣⊑⟩⊔⟩⌉∫ ⊔⟨⊣⊔ ⊣∇⌉ ≀∇⟩⌉\⊔⌉⌈ √⌉∇√⌉\↖ ⌈⟩⌋⊓↕⊣∇ ⊔≀ ⊔⟨⌉ ∫⌉\∫≀∇↖∫≀⊓∇⌋⌉ √↕⊣\⌉↙ L⊣⊔⌉∇⇔ ⊔⟨⌉ ⊣\⊣↕†∫⟩∫ ⟩∫ ⌉§⊔⌉\⌈⌉⌈ ⊔≀ ⊣∇⌊⟩⊔∇⊣∇† ∫⌉\∫≀∇ ⊣\⌈ ∫≀⊓∇⌋⌉ ⌈⟩∇⌉⌋⊔⟩≀\∫↙ F⟩}⊓∇⌉ ̸⟩↕↕⊓∫⊔∇⊣⊔⌉∫ ⊔⟨⌉ ⇕⊣∫‖⟩\} ⊣\⌈ ∫⟨⊣⌈≀⊒⟩\} √⟨⌉\≀⇕⌉\⊣ {≀∇ ⊔⟨⌉ ⌋⊣∫⌉ ≀{ √⌉∇√⌉\⌈⟩⌋⊓↕⊣∇ V↖⌋⊣⊑⟩⊔⟩⌉∫↙ O⊓∇ ≀⌊|⌉⌋⊔⟩⊑⌉ ⟩∫ ⊔≀ ⌈⌉⊔⌉∇⇕⟩\⌉⇔ {≀∇ ⊣ }⟩⊑⌉\ ∫≀⊓∇⌋⌉ ⌈⟩↖ ∇⌉⌋⊔⟩≀\ ←s and sensor direction ψv the fraction of facet area that is illuminated and visible▷ If the visible area is smaller than the illu minated area masking dominates▷ Likewise if the illuminated area is smaller than the visible area shadowing dominates▷ We denote the length ↼extent on the surface plane↽ and width of the facet by l and w respectively▷ Further ms and m v are sections of the facet that are shadowed and masked respectively▷ The area of a facet that is both illuminated and visible is l · Min[w − m s, w − mv]. The GAF ⟩∫ ≀⌊⊔⊣⟩\⌉⌈ ⌊† ⌈⟩⊑⟩⌈⟩\} ⊔⟨⟩∫ ⌉§√∇⌉∫∫⟩≀\ ⌊† ⊔⟨⌉ ⊣∇⌉⊣ w l of the facet. GAF = Min [ − m^sw , 1 − m^vw ] {} ⋁~ }⌈^ ⌈]⌋~ } ~√√~√√ [~ GAF ⟩\ ⊔⌉∇⇕∫ ≀{ ⊔⟨⌉ ⊣\}↕⌉∫ ≀{ ⟩\⌋⟩↖ ⌈⌉\⌋⌉ ⇐∫≀⊓∇⌋⌉⇒ ⊣\⌈ ∇⌉⊙⌉⌋⊔⟩≀\ ⇐∫⌉\∫≀∇⇒↙ F∇≀⇕ ⊔⟨⌉ ⊔∇⟩⊣\}↕⌉ (w, ms, n)

Foam

Figure 19: Refiectance measurement and refiectance model (σ = 20^∘⇔ ρ = 0.8 ks/k_b = 0.019↽ plots for foam ↼sample D↽▷

Cloth

Figure 20. Reβectance measurement and reβectance model ↼σ = 42^∘⇔ ρ = 0.75 ks/k_b = 0.085↽ plots for a cotton towel ↼sample E↽▷

Wood Shaving

Figure 21. Reβectance measurement and reβectance model ↼using σ = 26∘⇔ ρ = 0.7 ks/kb = 0.043↽ plots for αne wood shavings ↼sample F↽▷

in Figure 6 we have. n sin θi = ms cos θ a + w cos θa ↼34↽ n cos θi = −ms sin θ a + w sin θa By multiplying the αrst expression by cos θ i and the second by − ∫⟩\ θi and adding the results we get. ms w = − ⌋≀∫ (θa + θi) cos (θa − θi) (35) or 1 − ms w = 2 cos θa cos θ i cos (θ a − θi) In the above expression, the angles θi and θ r are positive in the counterclockwise direction and negative in the clockwise direction▷ It can be easily shown that there is no shadowing when | θ a + θi |≤ π 2 and | θ a −θi |≤ π 2 i▷e▷ 1− m_s w ≥ ∞↙ O\ ⊔⟨⌉ ≀⊔⟨⌉∇ ⟨⊣\⌈⇔ ⊔⟨⌉ ⌉\⊔⟩∇⌉ {⊣⌋⌉⊔ ⟩∫ ∫⟨⊣⌈≀⊒⌉⌈ ⟩{ | θi − θa |≥^π_2 i▷e▷ 1 −^{ms}_w ≤ ′↙ A ∫⟩⇕⟩↕⊣∇ ∇⌉∫⊓↕⊔ ⟩∫ ≀⌊⊔⊣⟩\⌉⌈ {≀∇ ⇕⊣∫‖⟩\}↙ A↕↕ ⊔⟨⌉∫⌉ ⌋≀\⌈⟩⊔⟩≀\∫ ⊣∇⌉ ⟩\⌋↕⊓⌈⌉⌈ ⟩\ ⊔⟨⌉ {≀↕↕≀⊒⟩\} GAF ⌉§√∇⌉∫∫⟩≀\ {≀∇ √⌉∇√⌉\⌈⟩⌋⊓↕⊣∇ V↖⌋⊣⊑⟩⊔⟩⌉∫¬ GAF = Min [ , Max [ , 2 cos θ^{icos} θ^a cos (θ i − θa) , 2 cos θr cos θ a cos (θ r − θa) ]] {}

{∐} ∮⌉∐~~ {^} ⨁∐⌉^~√]∐{ {^} ⨁}^~⌈ ⨆]~√~ ∫~∐⌈ ]⌉∐~~ }~ ∐ ^⌈]{^√]^∐⌈ ^⌈∐ ∐√~ ^}⌉√∐√~^ ][ ]⌉∐~~√ √~{^~√~^ √]{~ [~ ⨁∐⌉^~√]∐{ ∐{^ √√}√}√~^ ⌉}^~⌈√/ ∮⌈⌈⌉]{∐]}{ ]√ ~√}⌉ [~ ^∐⌉~√∐ ^]√~^]}{/

{∐} θi = 0^∘

⇐⌊⇒ θ i = 20^∘ F⟩}⊓∇⌉ ∈∋¬ C≀⇕√⊣∇⟩∫≀\ ⌊⌉⊔⊒⌉⌉\ ⟩⇕⊣}⌉ ⌊∇⟩}⟨⊔\⌉∫∫ ⊣↕≀\} ⊔⟨⌉ ⌋∇≀∫∫↖∫⌉⌋⊔⟩≀\ ≀{ ⊔⟨⌉ ∇⌉⊣↕ ⊑⊣∫⌉⇔ ⊣\⌈ ⊑⊣∫⌉∫ ∇⌉\⌈⌉∇⌉⌈ ⊓∫⟩\} ⊔⟨⌉ L⊣⇕⌊⌉∇⊔⟩⊣\ ⊣\⌈ √∇≀√≀∫⌉⌈ ⇕≀⌈⌉↕∫↙

GAF {≀∇ ⊔⟨⌉ G⌉\⌉∇⊣↕ C⊣∫⌉¬ I\ ⊔⟨⌉ }⌉\⌉∇⊣↕ ⌋⊣∫⌉⇔∫≀⊓∇⌋⌉ ⊣\⌈ ∫⌉\∫≀∇ ⌈⟩∇⌉⌋⊔⟩≀\∫ ⊣∇⌉ ⊣∇⌊⟩⊔∇⊣∇† ⊣\⌈ ⌋⊣\ ↕⟩⌉ ≀⊓⊔∫⟩⌈⌉ ⊔⟨⌉ √↕⊣\⌉ √⌉∇√⌉\⌈⟩⌋⊓↕⊣∇ ⊔≀ ⊔⟨⌉ V↖⌋⊣⊑⟩⊔†↙ T≀ ⇕⊣‖⌉ ⊔⟨⌉ ⇕⊣∫‖⟩\}∝∫⟨⊣⌈≀⊒⟩\} ⌋⊣↕⌋⊓↕⊣⊔⟩≀\∫ ⊔∇⊣⌋⊔⊣⌊↕⌉⇔ ⊒⌉ ⟩\⊑≀‖⌉ ⊔⟨⌉ ⊣∫∫⊓⇕√↖ ⊔⟩≀\ ⊔⟨⊣⊔ ⊔⟨⌉ ↕⌉\}⊔⟨ ≀{ {⊣⌋⌉⊔∫ ⟩∫ ↕⊣∇}⌉ ⌋≀⇕√⊣∇⌉⌈ ⊔≀ ⊔⟨⌉⟩∇ ⊒⟩⌈⊔⟨∀⇔ ⟩↙⌉↙ ↕ ≫ ⊒↙ T⟨⌉\⇔ ⊔⟨⌉ ⊣\⊣↕†∫⟩∫ ≀{ ⇕⊣∫‖⟩\} ⊣\⌈ ∫⟨⊣⌈≀⊒⟩\} ⟩∫ ∇⌉⌈⊓⌋⌉⌈ ⊔≀ ⊔⟨⌉ √⌉∇√⌉\⌈⟩⌋⊓↕⊣∇ V↖⌋⊣⊑⟩⊔† ⌋⊣∫⌉ ⌊† √∇≀|⌉⌋⊔⟩\} ⊔⟨⌉ ∫≀⊓∇⌋⌉ ⌈⟩∇⌉⌋⊔⟩≀\ ←s and sensor direction ψv onto the plane perpendicular to the cavity▷ These projections are done using basic trigonometry as shown in Figure 24▷ The projected angles are then substituted into ↼36↽ in place of θi and θ r to obtain the general GAF ⌉§√∇⌉∫∫⟩≀\¬ GAF = Min [ , Max [ , ↼37↽ 2 cos θi cos θ a cos θ i cos θ a + sin θi sin θ a cos (ϕ i − ϕa) , 8When facet length is much larger than facet width the exact shape of the cast shadow at the two ends of the facet can be ignored▷ sin θp = sin θ cos ϕ √ ^}√θ + sin2θ cos2ϕ cos θp = cos θ √ ^}√θ + sin2θ cos2ϕ tan θp = tan θ cos ϕ

Figure 24. Relationship between projected and actual angles▷ 2 cos θr cos θ a cos θ r cos θ a + sin θr sin θ a cos (ϕ r − ϕa) ]]

⌈~√{∐]~⌈/ [~ GAF ⌋⊣\ ⌊⌉ ⌉§√∇⌉∫∫⌉⌈ ⟩\ ⊔⌉∇⇕∫ ≀{ ⊔⟨⌉ ∫≀⊓∇⌋⌉⇔ ∫⌉\∫≀∇⇔ {⊣⌋⌉⊔ \≀∇⇕⊣↕⇔ ⊣\⌈ ∫⊓∇{⊣⌋⌉ \≀∇⇕⊣↕ ⊑⌉⌋⊔≀∇∫¬ GAF = Min [ , Max [ , 2< ψs, ψn >< ψa, ψn> < ψs, ψa> , 2< ψv, ψn >< ψa, ψn> < ψv, ψa> ]] {}

∫∐^]∐{^~ }~ ∮√}√}√]^ ⋃√~∐^~ ][ ⋃]{~⌈~\⋃⌈}√~ ⟨]√√]^]}{ ∮{ []√ ∐√√~{^]/ ~ }⌈]{~ ^~√]∐]}{√ ~}√ [~ ^]√~^ ]⌈⌈⌉]{∐\ ]}{ ∐{^ ]{~√√~|~^]}{ ^}⌉√}{~{√ }~ √√}⌊~^~^ √∐^]∐{^~ ~}√ [~ ]√}√}√]^ √√~∐^~ ^]√^√√~^ ]{ ⋃~^]}{ // ⋂[~√~ √~√⌈√ ∐√~ √~^ ]{ ⋃~^]}{ / } ^~√]~ [~ √~|~^∐{^~ ⌉}^~⌈ ~}√ ∐ √√~∐^~ ][ ⨆∐√√]∐{ √⌈}√~\∐√~∐ ^]√√]^]}{/ / ∫∐^]∐{^~ ^~ } ⟨]√~^ ∮⌈⌈⌉]{∐]}{ ⨂√ }^⌊~^]~ [~√~ ]√ } ~∐⌈∐~ [~ ]{~~√∐⌈ ]{ {}/ ⨆}√ ∐{ ~]~{ √}√^~ ^]√~^]}{ (θi, ϕi) and sensor direction (θr , ϕr), facets on the isotropic surface could be masked, shadowed, masked and shadowed, or neither masked nor shadowed. The radiance for each of these cases is given in Table 1. The problem therefore is to decompose the integral in (23) into parts, each corresponding to a different masking/shadowing range. Using basic geometry, we have identiffed the limits of the integrals corresponding to different ranges of shadowing/masking. These limits are represented by the critical angles ϕ^i_c ↼for shadowing↽ and ϕ^r_c ↼for masking↽▷ The critical angle ϕ ic is related to the slope θ a of surface facets. ϕ^i_c = { ^}√^{−∞} ( 1tan_{θa tan θi} ) if (tan θa tan θi) > 1 0 otherwise (39) The angle ϕ^r_c is determined using the same expression by replac ing θ i with θ r▷ These critical angles are related to the mask ing◁shadowing ranges as shown in Table 2▷ Using the above critical angle expressions Table 2 and Table 1 we decompose ↼23↽ into the sum of several integrals▷ Each integral can be evaluated for any αxed viewer direction▷ However for arbitrary directions several cases arise and the results are not easy to use in practice▷ Therefore we have chosen to express the radiance of the surface for any arbitrary viewing direction (θ r , ϕr) as a weighted sum of the radiance L1_{rp‖} ⟩\ ⊔⟨⌉ √↕⊣\⌉ ≀{ ⟩\⌋⟩⌈⌉\⌋⌉ ⇐ϕr = ϕi, ϕi + π↽ and the radiance L1_{rp⊥} ⟩\ ⊔⟨⌉ √⌉∇√⌉\⌈⟩⌋⊓↕⊣∇ √↕⊣\⌉ ⇐ϕ r = ϕi ± π2 ↽▷

Radiance in the Plane of Incidence. There are two cases to consider▷ In the αrst ϕ r = ϕi▷ Without loss of generality we can assume ϕ r = ϕi = 0. When θi ≥ θr radiance is obtained as. L1_{rp‖}(θa) =^ρ_π E0cos θi cos θ a^1_2 π [ {} ∫ ϕi_c −ϕ^i_c 2(1 + tan θa tan θr cos ϕ a)dϕa +

2 ∫_{π−}ϕ^i_c ϕ^i_c (1 + tan θa tan θi cos ϕ a) (1 + tan θa tan θr cos ϕ a)dϕa ]

=^ρ_π E0cos θi cos θ a [ + 2tan θa tan θr^{sin} ϕ^{ic} π + 1 2 tan2θa tan θi tan θr(1 − ∈ϕ^i_c + sin (2ϕ^i_c) π ) ]

⋁[~{ θr ≥ θi the sensor and source directions are simply switched in the expression inside the square brackets▷ In the second case ϕ r = ϕi + π▷ Again without loss of generality we can assume ϕi = 0, ϕr = π▷ When θi ≥ θr we get. L1_{rp‖}(θa) =^ρ_π E0cos θi cos θ a^1_2 π [ {} ∫ ϕ^i_c ϕ^r_c^2 (1 + tan θa tan θr cos (π − ϕ a))dϕa +

2 ∫_{π−}ϕi_c ϕ^i_c (1 + tan θa tan θi cos ϕ a) (1 + tan θa tan θr cos (π − ϕ a))dϕa ] = ρ π E0cos θi cos θ a [ − ∈ϕ^{rc}π + 2tan θa tan θr^{sin} ϕ^r_c − ∫⟩\ ϕ^i_c π − ∞ ∈ ⊔⊣\∈θa tan θi tan θr(1 − ∈ϕ^i_c + sin (2ϕ^i_c) π ) ]

∑∐√]∐⌈ ⋃[∐^} ⨂} ⋃[∐^} }⌉√⌈~~ ⋃~⌈~\⋃[∐^} |ϕa − ϕi| < ϕ^i_c ϕ^i_c ≤ |ϕa − ϕi| ≤ π − ϕ^i_c |ϕa − (ϕi + π)| < ϕ^i_c Partial Masking No Masking Complete SelfMasking |ϕa − ϕr| < ϕ^r_c ϕ^r_c ≤ |ϕa − ϕr| ≤ π − ϕ^r_c |ϕa − (ϕr + π)| < ϕ^r_c Table 2. Masking◁shadowing and the critical angles▷

Once again when θ r ≥ θi the sensor and source directions are switched in the term inside the square brackets▷

Radiance in the Perpendicular Plane. We now calculate radiance for the case where the viewer is in the plane perpendicular to the plane of incidence, i▷e▷ ϕ r = ϕi ± π2 ▷ Again there are two cases to be considered▷ In the αrst case ϕ^i_c + ϕ^r_c ≤^π_2 ▷ Here the regions of shadowing and masking do not overlap▷ Using these limits the integral in ↼23↽ is evaluated as. L1_{rp⊥}(θa) =^ρ_π E0cos θi cos θ a (42) In the second case, we have ϕ^i_c + ϕ^r_c >^π_2 ▷ Here the regions of masking and shadowing do overlap▷ Without loss of generality we can choose ϕ i = 0 and ϕr = π2 ▷ We deαne the angle γ 0 ≤ γ ≤ π2 that separates the regions of shadowing ↼− π2 + ϕrc ≤ ϕa ≤ γ↽ and masking ↼γ ≤ ϕa ≤ π − ϕ^i_c↽▷ γ is determined as. tan θi cos γ = tan θr cos (^π_2 − γ). Then, the expression for radiance is: L1_{rp⊥}(θa) =^ρ_π E0cos θi cos θ a^1_2 π [ {} ∫_γ − π2 +ϕrc 2(1 + tan θr tan θa cos (ϕ a −^π_2 ))dϕa + ∫_{π−}ϕ^i_c γ 2(1 + tan θi tan θa cos ϕ a)dϕa ] = ρ π E0cos θi cos θ a [ + 12 − ϕ^{ic} + ϕ^{rc}π + √ ⊔⊣\∈θr tan^2 θa − ∞ π + √ ⊔⊣\∈θi tan^2 θa − ∞ π − ⊔⊣\ θa √ ⊔⊣\∈θi + tan2θr π ]

∫∐^]∐{^~ ]{ √^]√∐√ ]⌉[ {~⌈~√ ⋁~ [∐~ ^~~√⌉]{~^ ]∐ √]⌉⌈∐]}{√ [∐ [~ √∐^]∐{^~ }~ [~ ]√}√}√]^ √√~∐^~ ]{ ∐{ ∐√^]√∐√ ^]√~^]}{ ]√ ~⌈⌈\∐√√√}]⌉∐~^ ^ [~ ~}⌈⌈}]{~ ~]~[~^ √⌉ }~ L1_{rp‖}(θa) and L1_{rp⊥}(θa): Lrp(θa) ≈| ⌋≀∫ (ϕr − ϕi) | Lrp_‖(θa) + (44) (1− | ⌋≀∫ (ϕr − ϕi) |)Lrp_⊥(θa) This approximation was obtained by studying the expressions for the radiance components in the two planes. It is in general very accurate, with a slight over-estimation only for θr ≈ θi and θ i → π/2▷ Using the above linear combination of radiance in the two planes we obtain the αnal expression for projected radiance▷ The following notation is used. α = Max[θi, θr] and β = Min[θi, θr]; if α = θi ϕ^α_c = ϕ^i_c else ϕ^α_c = ϕ^r_c, and the same rules apply to ϕ βc ▷ L1_{rp}(θa) =^ρ_π E0cos θi cos θ a [ + (45) cos (ϕr − ϕi) ( A1(α, θa) tan β + A2(β, ϕr − ϕi, θa) ) + (1 − |⌋≀∫ (ϕr − ϕi)|)A3(θr, θi, θa) ]

[~√~ [~ ^}~~⟩^]~{√ ∐√~ A1(α, θa) = tan θa^{2 sin} ϕ^α_c π + 1 2 tan2θa tan α(1 − ∈ϕ^α_c + sin (2ϕ^α_c ) π ) A2(β, ϕr − ϕi, θa) = { ϕ^β_{cπ} − ⊔⊣\ θ_{a tan} β 2 sin ϕ^β_{cπ if cos} (ϕ_r − ϕ_i) < 0 0 if cos (ϕr − ϕi) ≥ ′ A3(θr, θi, θa) = ]~ ϕ^i_c + ϕ^r_c ≤^π_2 1 2 − ϕ^{ic+}ϕ^{rc}_π +√ ⊔⊣\∈θr tan^2 θa−∞ π + √ ⊔⊣\∈θ_i tan^2 θa−∞ π − ⊔⊣\ θa √ ⊔⊣\∈θ_i+tan^2 θr π if ϕ i c + ϕ^r_c >^π_2 B▷2 Radiance due to Interreβections. To calculate the radiance component due to interreβections we need to evaluate the following integral. L2_{rp}(θa) = 1 2π ∫ _π ϕ_a =0 L2_{rp}(θa, ϕa)dϕa ↼46↽ In Section 4▷1▷2 we found the interreβection factor ↼IF⇒ ⊔≀ ⌊⌉ ¬ IF =^π_2 [ d(1, mv w ) + d(1, m^s w ) − d( m^s w , mv w ) − d(1, 1) ] (47)

The above factor cannot be easily integrated. Therefore, we use the following approximation: IF ≈ π(1 − ⌋≀∫ θa)(1 − m^s)(1 − mv) (48) As in Appendix B.1, the regions of shadowing and masking were identiffed and the above approximation to IF ⊒⊣∫ ⊓∫⌉⌈ ⊔≀ ⌉⊑⊣↕⊓⊣⊔⌉ ⇐△⇏↙ T⟨⌉ ⊘\⊣↕ ⌉§√∇⌉∫∫⟩≀\ {≀∇ √∇≀|⌉⌋⊔⌉⌈ ∇⊣⌈⟩⊣\⌋⌉ ≀{ ⊔⟨⌉ ⟩∫≀⊔∇≀√⟩⌋ ∫⊓∇{⊣⌋⌉ ⌈⊓⌉ ⊔≀ ⟩\⊔⌉∇∇⌉⊙⌉⌋⊔⟩≀\∫ ⟩∫¬ L2_{rp}(θa) ≈ ρ2 π E0cos θi cos θ a(1 − ⌋≀∫ θa) [ − ⇐△∃⇒ ⌋≀∫ (ϕr − ϕi) ( ϕ^β_c π + 2 tan θa tan β sin ϕ^α_c − ∫⟩\ ϕ^β_c π + 1 2 tan2θa tan α tan β(1 − ∈ϕ^α_c + sin (2ϕ^α_c ) π ) )]

∫⟩⨆⟩∫⟩⨂⟩⋃ ⋃⊎ ∑/ ~^⌋⌉∐{{/ ⋃[∐^}]{~ }~ √∐{^}⌉ √}~[ √√~∐^~√/ ∮⟩⟩⟩ ⋂√∐{√∐^]}{√ }{ {~{{∐√ ∐{^ ∑√}√∐~∐]}{/ ∑\// / ⋃⊎ ∑/ ~^⌋⌉∐{{ ∐{^ / ⋃√]]^[]{}/ ⋂[~ ⋃^∐~√]{~ }~ ⟩⌈~^√}\ ⌉∐~{~]^ ⋁∐~√ ~√}⌉ ∫}~[ ⋃√~∐^~√/ ∑~√~∐⌉}{/ ⨂~ ∏}√⌋/ / ⋃⊎ ⨀/ ⨆/ ⌈]{{/ ⨁}^~⌈√ }~ ⌈]~[ √~|~^]}{ ~}√ ^}⌉√~√ √{[~\ √]~^ √]^√~√/ ⨁ }⌉√~√ ⨆√∐√[]^√ {⋃∮⨆⨆∫∑∮ }/ {}// / ⋃⊎ ⟨/ [⌈/ ⋁/ ⨀/ ⋁~⌈^[/ ∐{^ ⟨/ ⨆/ ∫~∐/ ∫~√∐^]∐]}{ ∐{^ [~√⌉∐⌈ ~⌉]√√]}{ ~√}⌉ ]⌈⌈⌉]{∐~^ ^√∐~√√ }{ [~⌈{∐√ √√~∐^~/⨀}√{∐⌈ }~ ⨆~}√[√]^∐⌈ ∫~√~∐√^[/ {}// ~√ / ⋃⊎ / ∐^√∐⌈/ ⨂/ ⨁∐/ ∐{^ ∫/ ⋃√√]{~⌉~~√/ ]^]√~^]}{∐⌈ √~\ |~^]}{ ~{^]}{√ ~√}⌉ √√~∐^~ ^⌉√ ⌉∐√√/ ⨁ }⌉√~√ ⨆√∐√[]^√ {⋃∮⨆⨆∫∑∮ }/ {}// / ⋃⊎ ⋃/ [∐{^√∐√~⌋[∐√/ ∫∐^]∐]~ ⋂√∐{√~~√/ ⟨}~√ ∑^⌈]^∐]}{√/ / ⋃⊎ ⨁/ ⨆/ }[~{ ∐{^ ⟨/ ∑/ ⨆√~~{^~√~/ ⋂[~ [~⌉]\^^~/ ∐ √∐^]}√] √}⌈]}{ ~}√ ^}⌉√⌈~~{]√}{⌉~{√/ ⨁ }⌉√~√⨆√∐√[]^√ {⋃∮⨆⨆∫∑∮ }/ {}// / ⋃⊎ ∫/ ⨁/ }}⌋ ∐{^ ⨀/ ⟩/ ⋂}√√∐{^~/ √~|~^]}{ ⌉}^~⌈ ~}√ ^}⌉\ √~√ ~√∐√[]^√/ ⨁ ⋂√∐{√∐^]}{√ }{ ⨆√∐√[]^√/ {}// / ⋃⊎ ⟨/ ⨆}√√[ ∐{^ / ∫]√√~√⌉∐{/ ⨁∐⌈ ]⌈⌈⌉]{∐]}{/ ∑√}^/ }{~/ }⌉√~√ ⋀]√]}{ ∐{^ ∑∐~√{ ∫~^}~{]]}{/ √∐~~√ / / / ⋃⊎ ∫/ ∮∐⌈⌈/ ∮⌈⌈⌉]{∐]}{ ∐{^ }⌈}√ ]{ }⌉√~√ ⨆~{~√∐~^ ∮⌉\ ∐~~√/ ⋃√√]{~~√\⋀~√⌈∐~/ / ⋃⊎ ∑/ ∮∐{√∐[∐{∐{^ ⋁/ ⨀√~~~√/ ∫~|~^]}{~√}⌉ ⌈∐~√~^ √√~∐^~√ ^~} √^√√~∐^~√^∐~√]{~/ }⌉√~√ ⨆√∐√[]^√∑√}^~~^]{~√ {⋃∮⨆⨆∫∑∮ }/ √∐~~√ // / ⋃⊎ / ⋁/ ∮∐√⌋~/ ∫/ ⨁/ ⨂~⌈√}{/ ∐{^ ⋁/ ⟨/ ⋃⌉[~/ ⋂[~ }√√}√]]}{ ~~~~^ }~ [~ ⌉}}{ ⋂[~ ^}{√]^]}{ }~ ^}[~√~{ ^∐^⌋√^∐~√/ ⋃^]~{^~/ {}// √√]⌈ / ⋃⊎ / ⋁/ ∮∐√⌋~ ∐{^ ∮~~ ∐{ ∮}√{/ ∑[}}⌉~√]^ √^]~√ }~ ^}⌉√⌈~ √√~∐^~√/ ][ ∐√√⌈]^∐]}{√ } [~ ⌉}}{/ ⨀}√{∐⌈ }~ ⨆~}√[√]^∐⌈ ∫~√~∐√^[/ {}// ~√ / ⋃⊎ ∑/ ⟨/ ∮~/ ⨀/ ⟩/ ⋂}√√∐{^~/ ⨆/ ∑/ ⋃]⌈⌈]}{/ ∐{^ ⟨/ ∑/ ⨆√~~{^~√~/ ^}⌉√√~[~{√]~ √[√]^∐⌈ ⌉}^~⌈ ~}√ ⌈]~[ √~|~^]}{/ ⨁ }⌉√~√ ⨆√∐√[]^√ {⋃∮⨆⨆∫∑∮ }/ {}// / ⋃⊎ ∫/ ⨆/ ∮~√]{~ ∐{^ ⋂/ ⨆/ ⋃⌉][/ √√∐√~{ √∐^]∐]}{ √√}√~√\ ]~√ }~ ∐ √}~[ √√~∐^~/ ∮ ∑√}~√~√√ ]{ √√}{∐]^√ ∐{^ ~√}{∐]^√/ // / ⋃⊎ ⨁/ ⨀∐⌋}^/ ∮~∐ ⋂√∐{√~~√/ ⋁]⌈~/ / ⋃⊎ ⨀/ ⋂/ ⨀∐⌊]∐/ {]√}√}√]^ √~|~^]}{ ⌉}^~⌈/ ⨁ }⌉√~√ ⨆√∐√[]^√ {⋃∮⨆⨆∫∑∮ }/ {}// / ⋃⊎ ⨀/ ⨀/ ⨀}~{^~√]{⌋ ∐{^ / ⨀/ ∐{ ⟨}}√{/ ⨆~}⌉~√]^∐⌈ ⌉}^~√ ∐√ ∐ ~~{~√∐⌈ ⌉~[}^ } √~∐ ^]~~√~ ]{~√√~|~^]}{√ ]{ √∐^]}⌉~√/ ⨀}√{∐⌈ }~ [~ ⨂√]^∐⌈ ⋃}^]~ }~ ⌉~√]^∐/ {}// / ⋃⊎ ∏/ ⨀~∐ ∐{^ / ∮√[]⌉∐√/ ∫~√}√~|~^∐{^~ ~√}⌉ ∐ ^~{√~ ^]√\ √]^]}{ }~ √√[~√]^∐⌈ √∐√]^⌈~√/ ⨀}√{∐⌈ }~ [~ ⨂√]^∐⌈ ⋃}^]~ }~ ⌉~√]^∐ / {}// ~√ / ⋃⊎ ⨀/ ∮/ ⨁∐⌉^~√/ ∑[}}⌉~√]∐ √]~ ^~ ⌉~{√√~ ^~ ~√∐]^√ ⌈⌉]\ {]√/ ^}⌈}√⌉ ⌉^√∐~/ ⟩^~√[∐√^ ⨀⌈~/ /

⋃⊎ ⨁/ ⨁]{{∐~√/ ⋂[~ √~^]√√}^] √√]{^]√⌈~ ]{ ⌈{∐√ √[}}⌉~√/ √√}√[√]^∐⌈ ⨀}√{∐⌈/ // / ⋃⊎ ⋃/ ⨀/ ⨂∐∐√/ ⨀/ ∮⌋~^[]/ ∐{^ ⋂/ ⨀∐{∐^~/ ⋃[∐√~ ~√}⌉ ]{\ ~√√~|~^]}{√/ ∮{~√{∐]}{∐⌈ ⨀}√{∐⌈ }~ }⌉√~√ ⋀]√]}{/ // / ⋃⊎ ⨆/ ⟩/ ⨂]^}^~⌉√/ ⨀/ / ∫]^[⌉}{^/ ∐{^ ⨀/ ⨀/ ∮√]∐/ ⨆~}⌉~√]^∐⌈ }{√]^~√∐]}{√ ∐{^ ⨂}⌉~{^⌈∐√~ ~}√ ∫~|~^∐{^~/ ⨂∐]}{∐⌈ √~∐ }~ ⋃∐{^∐√^√/ ⨂^}^~√ / ⨁}{}~√∐√[ ⨂}/ / ⋃⊎ ∑/ ⨂~⌋]{~/ ∑[}}⌉~√]^ √^]~√}~ ^]~~√~⌈ √~|~^]{~√√~∐^~√ ][ ∐√√⌈]^∐]}{ } [~ ^√]~[{~√√ }~ [~ ⌉}}{/ ⨀}√{∐⌈ }~ ⨆~}√[√]^∐⌈ ∫~√~∐√^[/ {}// ⨁∐ / ⋃⊎ ⟩/ ⨂√]⌋/ ∑[}}⌉~√]^ ⌉~∐√√~√ }~ [~ ⌉}}{ ∐{^ [~ ⌉}}{ [~ ~∐√[\√[]{~/ ∑^⌈]^∐]}{√ ^~ ⨁⌉⨂^√~√∐}√]~ √√}{}⌉]^∐⌈ ^~ ⨁⌉⊎{]~√√]~ ^~ ⋂∐√/ {}// / ⋃⊎ ⨂/ ⋃/ ⨂√⌈}∐/ ∑[}}⌉~√]^ √~⌈]~~ }~ [~ ⌈{∐√ √√~∐^~/ √√}{/ ∫/ {}// / ⋃⊎ ∑/ ∑}⌈]{ ∐{^ / ⨆}√{]~√/ ⌉}^~⌈ ~}√ ∐{]√}√}√]^ √~|~^]}{/ ⨁ }⌉√~√ ⨆√∐√[]^√ {⋃∮⨆⨆∫∑∮ }/ {}// / ⋃⊎ ⋂/ ⋃[]^∐∐/ ⋁/ ⨆√~]/ ∐{^ ⨁/ ⋃}{/ ⟨]~]∐⌈ ^}√√~^]}{ }~ √}⌈∐√ ]⌈⌈⌉]{∐]}{ ∐{^ ]~]{~ ∐{~⌈~ ∐√]~∐^√ ]{ √~⌉}~⌈ √~{√~^ ]⌉∐~~√/ ⨁∐^[]{~ ∑√}^~√√]{~ }~ ∫~⌉}~⌈ ⋃~{√~^ ⟨∐∐ ⋃⌉\ √}√]⌉/ √∐~~√ // / ⋃⊎ ∫/ ⋃]~~~⌈ ∐{^ ⨀/ ∫/ ∮}~⌈⌈/ ⋂[~√⌉∐⌈ ∫∐^]∐]}{ ∮~∐ ⋂√∐{√~~√/ ∮~⌉]√√[~√~ ∑^⌈]√[]{~ }√√}√∐]}{/ []√^ ~^]]}{/ / ⋃⊎ / ⨆/ ⋃⌉][/ ⨁{∐√ √√~∐^~ √}~[{~√√ ⋃[∐^}]{~ ∐{^ [~√⌉∐⌈ ~⌉]√√]}{/ ⨀}√{∐⌈ }~ ⨆~}√[√]^∐⌈ ∫~√~∐√^[/ {}// ~√ / ⋃⊎ ⨀/ ⋂}√√∐{^~ ∐{^ ⟩/ ⋃√∐√√}/ ⋂[~}√ ~}√ }~~\√√~^⌈∐√ √~|~^\ ]}{ ~√}⌉ √}~[ √√~∐^~√/ ⨀}√{∐⌈ }~ [~ ⨂√]^∐⌈ ⋃}^]~ }~ ⌉~√]^∐/ // ⋃~√~⌉^~√ / ⋃⊎ ⨁/ ⋂√∐{~ ∐{^ / ∮√[]⌉∐√/ ∐^⌋√^∐~√]{~ ~{[∐{^~⌉~{ }~ √∐{^}⌉ ^]√^√~~ √^∐~√~√√/ ⨀}√{∐⌈ }~ [~ ⨂√]^∐⌈ ⋃}^]~ }~ ⌉~√]^∐ / {}// ~√ / ⋃⊎ ⋃/ ⊎√√]⌈⌈/ ⋂[~ ∫~{^~√⨁∐{ }⌉√∐{]}{/ ^^]√}{ ⋁~√⌈~/ / ⋃⊎ ∫/ ⨀/ ⋁∐~{~√/ ⋃[∐^}]{~}~ √∐{^}⌉⌈√}~[ √√~∐^~√/ ⨀}√{∐⌈ }~ [~ ^}√]^∐⌈ ⋃}^]~ }~ ⌉~√]^∐/ {}// ⨀{~ / ⋃⊎ ∮/⋁/ ⋁~√]{/ ⨀/∫/ √}/ ∐{^ ⨀/⟩/ ⋂}√√∐{^~/ ∑√~^]^]{~ √~\ |~^∐{^~ ~{^]}{√ ~√}⌉ ^}⌉√⌈~ √√~∐^~√/ ⨁ }⌉√~√ ⨆√∐√[]^√ {⋃∮⨆⨆∫∑∮ }/ {}// / ⋃⊎ ⋂/ ⋁[]~^/ { ]⌉√√}~^ ]⌈⌈⌉]{∐]}{ ⌉}^~⌈ ~}√ √[∐^~^ ^]√\ √⌈∐/ }⌉⌉{]^∐]}{√ }~ [~ ⨁/ {}// /